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FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2007

Problem set 2

2.1 Gaussian integral
The following formula gives the integral of a gaussian function

I ≡
∫ ∞

−∞
dxε−λx2

=

√
π

λ
(1)

Verify this by writing the I2 as a two-dimensional integral

I2 =
∫ ∞

−∞

∫ ∞

−∞
dx dy e−λ(x2+y2) (2)

and by changing to to polar coordinates in the evaluation.

2.2 Gaussian wave function
The quantum state of a free particle with mass m in one dimension is described

by the following momentum wave function of Gaussian form,

ψ(p) =
4

√
λ

π
e−

λ
2
(p−p0)2 (3)

where λ is a parameter that determines the width of the Gaussian. What is the
corresponding time dependent wave function ψ(x, t) in the coordinate representa-
tion? Show that this function is also a Gaussian, of the form

ψ(p) = N ′e−
λ′
2

(x−x0)2 (4)

with λ′ and x0 as a time-dependent parameters and N ′ as a (x-independent) nor-
malization factor. Determine λ′ and x0 and examine how the maximum of the
wave packet moves with time and how the width changes. Compare with the clas-
sical motion of the particle.

2.3 Particle on a circle
A particle with mass m moves freely on a circle of radius R.

a) Use the polar angle φ as coordinate and find the angular momentum and energy
eigenstates ψl(φ) = 〈φ|l〉. What is the energy as function of l? Find an expres-
sion for the propagator G(φ1, t1;φ0, t0) = 〈φ1, t1|φ0, t0〉 by a direct calculation of
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the relevant matrix element of the time evolution operator. Show that it can be
expressed in terms of the Jacobi theta function θ3(z, t). (Se definition and listing
of some of its properties below.)

b) Show that there is an infinity of classical paths that connect two points (φ0, t0)
and (φ1, t1) and explain in what sense these are different. Use the semi-classical
approach to the path integral to calculate the propagator G(φ1, t1;φ0, t0) and show
that the result also now can be expressed in terms of the Jacobi θ-function. Is the
result consistent with the result of a)? Compare the expressions by using proper-
ties satisfied by the θ-function.

Definition and properties of the Jacobi θ-function
Definition:

θ3(z, w) =
∞∑

n=−∞
exp(iπwn2 + 2inz) (5)

It satisfies the (quasi-) periodicity relations

θ3(z + π,w) = θ3(z, w)

θ3(z + πw,w) = e−iπw−2izθ3(z, w) (6)

and also has the following property

θ3(z, w) = (−iw)−
1
2 ez2/iπwθ3(

z

w
,− 1

w
) (7)


