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FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2007

Problem set 3

3.1 Displacement operators in phase space
For a particle moving in one dimension the position coordinate x and the mo-
mentum p define the coordinates of the two-dimensional classical phase space.

In the quantum description of the one-dimensional harmonic oscillator non-
hermitian lowering operator is defined as

a =
1√

2mh̄ω
(mω x̂ + ip̂) (1)

We may consider this as the operator of a complex phase space variable, with po-
sition as the real part and momentum as the imaginary part. It has a dimensionless
form due to the constants introduced in the expression.

A coherent state, in a similar way is characterized by a complex number z, the
eigenvalue of â, which we may interpret as a complex phase space coordinate,

z =
1√

2mh̄ω
(mω xc + ipc) (2)

The following operator

D̂(z) = e(zâ†−z∗â) (3)

acts as a displacement operator in phase space, in the sense

D̂(z)x̂D̂(z)† = x̂− xc , D̂(z)p̂D̂(z)† = p̂− pc (4)

Show that displacements in two different directions in general will not com-
mute but rather satisfy a relation of the form

D̂(za)D̂(zb) = eiα(za,zb)D̂(zb)D̂(za) (5)

with α(za, zb) as a complex phase. Determine the phase as a function of za and
zb. What is the condition for the two operators to commute?



2

3.2 The Aharonov-Bohm effect
The same path integral approach is applied to the double slit experient as in the

lecture notes. The situation is shown in the figure, where electrons move from
the source S through the slits of the first screen and are registered on the second
screen.
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The propagator which describes the amplitude for transition of a particle from
the source S to a point P on the screen behind the slits is written, in the semi-
classical description, as a contribution from the two classical paths between S and
P,

G(rP , T ; rS, 0) = N
2∑

i=1

e
i
h̄

Si (6)

where T is the fixed time used along the paths between the initial and final points
rS and rP , N is a normalization factor and Si is the action integral along each of
the paths. The two classical paths correspond to passage through the upper and
lower slits.

We assume a solenoid which carries a magnetic flux Φ is placed behind the
screen with the slits, as shown in the figure. The solenoid is shielded by the
screen so that no electron enters into the magnetic field. (Outside the solenoid we
consider the magnetic field to vanish.) In a classical description of the electron
motion the magnetic field therefore has no influence on the electrons. However,
there is a quantum effect of the magnetic flux, which is called the Aharnov-Bohm
effect.

To see the effect we consider the probability distribution for detection of an
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electron on the second screen as a function of the vertical coordinate y,

p(y) = |G(rP , T ; rS, 0)|2 (7)

a) Show that this probability can be expressed in terms of the difference between
the action integrals of the two paths.

The action integral is the integral of the Lagrangian along the path. In a mag-
netic field the expression for the Lagrangian is

L(r, ṙ) =
1

2
mṙ2 + eA(r) · ṙ (8)

with A as the vector potential, B = ~∇×A.
b) Show that the difference between the two action integrals depends on the

magnetic field through the total magnetic flux Φ.
c) Find the probability function p(y) and show that it is depends periodically

on the flux Φ. What is the flux period? Describe qualitatively how the interference
pattern changes with variations in Φ.

To simplify expressions you may assume d >> a and d >> y with d as
the distance between the two screens and a as the distance between the two slits.
Refer to the length of the paths before entering the first slit as `.


