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FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2007

Problem set 6

5.1 Tensor products of matrices
Assume |a〉 =

∑
i ai |i〉A is a vector in an M -dimensional Hilbert space HA and

|b〉 =
∑

j bj |j〉B is a vector in an N -dimensional Hilbert space HA. The com-
posite vector |c〉 = |a〉 ⊗ |b〉 is then a product vector in the tensor product space
H = HA ⊗HB. Expanded in the product basis it has the form |c〉 =

∑
ij cij |ij〉

with |ij〉 = |i〉A ⊗ |j〉B.
We consider the matrix representation of the vectors

a =


a1

a2

a3

..

 , b =


b1

b2

b3

..

 (1)

a) Show that the M × N matrix c with matrix elements cij can be written as
the matrix product

c = abT (2)

where T denotes transposition of the matrix.
An alternative representation of vectors in the tensor product space is as single

column matrices of of dimension MN . We define the matrix elements c̃k of such
a matrix by the following relation to the M ×N matrix

c̃i+N(j−1) = cij (3)

b) Write the first terms of the matrix c̃ in terms of the matrix elements of a
and b and show that the matrix can be written in a compact form as

c̃ =


a b1

a b2

a b3

..

 (4)

We consider next operators Â, B̂ and Ĉ = Â ⊗ B̂ that act in HA, HB and H
respectively. The corresponding M×M matrix A represents Â in the basis {|i〉A}
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and the N ×N matrix B represents B̂ in the basis {|j〉B}. The tensor product of
the operators, in a similar way as the vectors, can be represented in two ways. The
first one is to represent it as a 4-index tensor

Cij,i′j′ = Aii′Bjj′ (5)

and the second one is to represent it as a matrix with two indices C̃kl, so that

C̃i+N(j−1),i′+N(j′−1) = Cij,i′j′ (6)

in the similar way as for the matrix c̃i, as discussed above.
c) Use the second representation (c̃, C̃) for vectors and operators in the ten-

sor product space for the special case M = N = 2, and show what the matrix
representation of the four basis vectors |ij〉 are. Also find the 4 × 4 matrix rep-
resentations of the tensor products σk ⊗ σl, where σk, k = 1, 2, 3 are the Pauli
matrices.
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