
FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2008

Problem set 10

10.1 Photon emission.
A particle with mass m and charge e is trapped in a one-dimensional harmonic oscillator poten-
tial, oriented in the z-direction. The frequency of the oscillator is ω. At time t = 0 the particle is
excited to energy level n and it then performs a transition to level n − 1 by emitting one photon
of energy h̄ω. We write the energy eigenstates of the composite system of charged particle and
photons as |n, nka〉, With initially no photon present the state is |i〉 = |n, 0〉 while the final state
with one photon present is |f〉 = |n − 1, 1ka〉. To first order in perturbation theory the angular
probability distribution p(θ, φ) of the emitted photon is

p(θ, φ) = κ
∑
a

|〈n − 1, 1ka|Ĥemis|n, 0〉|2 (1)

with (θ, φ) as the polar angle of the photon quantum number k and κ as a proportionality factor.
Ĥemis is the emission part of the interaction Hamiltonian, which in the dipole approximation is

Hemis = − e

m

∑
ka

√
h̄

2V ε0 ω
p̂ · ε∗ka â†ka (2)

a) Determine the particle matrix element 〈n − 1|p̂|n〉.
b) Find the probability distribution p(θ, φ).

10.2 Coupled two-level systems
Two coupled two-level systems A and B are described by the following Hamiltonian

Ĥ =
ε

2
(3 σz ⊗ 1+ 1⊗ σz) + λ(σ+ ⊗ σ− + σ− ⊗ σ+) (3)

where the first factor in the tensor product refers to system A and the second factor to system B.
In the equation we use the definition σ± = σx ± iσy.

a) Write the Hamiltonian as a 4x4 matrix and show that two of the eigenvalues and eigen-
vectors are independent of λ. Introduce new variables, defined by ε = µ cos θ and λ = µ sin θ.
Solve the eigenvalue problem for the remaining two-dimensional subspace and determine both
the energies and eigenvectors as functions of µ and θ.

b) Express the eigenstates as 4x4 density matrices and determine the reduced density matrices
for the two subsystems A and B.

d) Determine the entropy of the reduced density matrices as function of µ and θ. For what
parameter values is the entanglement of the two subsystems maximal?
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