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OPPGAVER

1 Harmonic oscillator coupled to spin
We consider the motion of an electron in a one dimensional harmonic oscillator potential,

with the electron spin being under the influence of a space-dependent magnetic field. The Hamil-
tonian has the form

Ĥ =
1

2m
(p̂2 +m2ω2x̂2)− e

m
B · S (1)

where B is an x-dependent magnetic field

B(x) = B0 k +B1
x

d
i (2)

with B0 and B1 as constants, d as a parameter with dimension of length, k as a unit vector
orthogonal to the direction of motion and i as a unit vector in the direction of motion.

We introduce the raising operator â† and the lowering operator â of the harmonic oscillator,
and further the raising and lowering operator of the z-component of the spin , σ± = 1

2
(σx± iσy).

The Hamiltonian can then be split in two parts

Ĥ = Ĥ0 + Ĥ1 (3)

with

Ĥ0 = ~ω(â†â+
1

2
) +

1

2
~ω0 σz (4)

and

Ĥ1 =
1

2
~λ (âσ+ + â†σ− + âσ− + â†σ+) (5)
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where ω0 = −eB0/m and λ = −(eB1/md)
√

~/(2mω).
We shall further make the assumption that the ω ≈ ω0, so that |ω− ω0| << ω + ω0 and shall

also assume that the spin energy contribution from Ĥ1 is smaller than the spin energy of Ĥ0, in
the sense λ . ω. This allows us to introduce a simplification, by neglecting the âσ− and the
â†σ+ terms in H1, so it takes the form

Ĥ1 =
1

2
~λ (âσ+ + â†σ−) (6)

In the following we shall use this simplified form for Ĥ1.
a) We write the eigenvalue equation of Ĥ0 as

Ĥ0|n,m〉 = E0
nm|n,m〉 (7)

with n = 0, 1, 2, ... as the energy quantum number of the harmonic oscillator and m = ±1/2 as
the quantum number of Ŝz. What is the expression for the energies E0

n,m? Can you give a reason
(qualitative) why the terms left out in Ĥ1 (Eq.(6)) may be considered as less important than the
ones that are kept?

b) Show that Ĥ1 couple the states |n,m〉 only in pairs, and show in particular that it gives a
coupling between |0,+1

2
〉 and |1,−1

2
〉, but with no coupling to other states |n,m〉. Write the full

energy eigenvector equation as a matrix equation for these two states and determine the energies,
expressed in terms of ω, ω0 and λ.

A simplification of expressions, here and in the following, may be suggested by introducing
the abbreviations ∆ω = ω − ω0 and Ω =

√
∆ω2 + λ2.

c) The two energy eigenstates |ψ±〉, in the subspace spanned by |0,+1
2
〉 and |1,−1

2
〉, can be

written as

|ψ+〉 = cos β |0,+1

2
〉 − sin β |1,−1

2
〉 , |ψ−〉 = sin β |0,+1

2
〉+ cos β |1,−1

2
〉 (8)

Find the coefficients cos β and sin β expressed in terms of the parameters ω, ω0 and λ (or ∆ω
and Ω) of the Hamiltonian.

d) Consider next the time evolution of a state

|ψ(t)〉 = c1(t)|0,+
1

2
〉+ c2(t)|1,−

1

2
〉 (9)

with initial condition c1(0) = 1 and c2(0) = 0. Determine the time-dependent coefficients c1(t)
and c2(t).

e) Find and expression for |c2(t)|2 = 1 − |c1(t)|2 and show that it changes periodically
with t. What is the period? Determine the maximum value as a function of the parameters of
the Hamiltonian and plot it as a function of ω0 with ω and λ fixed. What is the condition for
resonance, where |c2(t)|2 has its largest maximum value?

f) The density operator can be written as

ρ̂(t) = |ψ(t)〉〈ψ(t)| (10)
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Give the expression for ρ̂(t) in terms of the basis vectors |n,m〉. Find the corresponding expres-
sion for the reduced density operators ρ̂s(t), which involves only the spin degrees of freedom,
and ρ̂p(t) which involves only the position degrees of freedom.

g) For the time dependent state |ψ(t)〉 determine the expectation values

〈σ(t)〉 = 〈ψ(t)|σ |ψ(t)〉
〈x(t)〉 = 〈ψ(t)| x̂ |ψ(t)〉
〈xσ(t)〉 = 〈ψ(t)| x̂σ |ψ(t)〉 (11)

Give a qualitative explanation of the results based on the classical understanding of motion of
the particle in the harmonic oscillator potential and of the electron spin in the magnetic field.

2 Squeezed coherent states
Coherent states, as defined in the lecture notes, play an important role in quantum optics,

in particular in the description of laser light. There are some related states, called squeezed
states that are also important. They are closely related to the coherent states and are like these
minimal uncertainty states. They are referred to as squeezed states, since the uncertainty in one
direction in phase space is (at a given time) reduced relative to that of the coherent state, while
the uncertainty in the conjugate direction is increased. These uncertainties will then typically
oscillate in time.

In this problem we study some of the properties of squeezed states for a one-dimensional
harmonic oscillator, with Hamiltonian of the standard form

Ĥ =
1

2m
(p̂2 +m2ω2x̂2) = ~ω(â†â+

1

2
) (12)

The squeeze operator is introduced by the following expression

Sλ = e
1
2
[λ∗â2−λ â† 2] (13)

with λ as a complex squeezing parameter. We define the squeezed coherent states as

|z, λ〉 = Sλ|z〉 (14)

with |z〉 as a coherent state, and introduce squeezed raising and lowering operators in the follow-
ing way

b̂λ = SλâS
†
λ , b̂†λ = Sâ†S†

(15)

a) Show that Sλ is a unitary operator, demonstrate that the following expressions are correct

b̂λ = cosh |λ| â+
λ

|λ|
sinh |λ| â† (16)

b̂†λ = cosh |λ| â† +
λ∗

|λ|
sinh |λ| â (17)
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and show that b̂λ and b̂†λ satisfy the same commutation relations as â and â†.
b) Show that the squeezed coherent states |z, λ〉 are eigenvectors of b̂λ. What are the eigen-

values?
c) Show that if the squeezing parameter λ is real the squeezing operator scales the the position

and momentum operators in resiprocal ways,

Sλ x̂ S
†
λ = d x̂ , Ŝλ p̂ S

†
λ =

1

d
p̂ (18)

and determine the scale factor d. Show that the squeezed states |z, λ〉 (with λ real) satisfy the
same minimal uncertainty relation as the coherent states |z〉.

d) A squeezed ground state (with z = 0) can be expanded in the energy eigenstates as

|0, λ〉 =
∞∑
n=0

cn|2n〉 (19)

Explain, based on the definition of |z, λ〉, why only eigenstates corresponding to even values 2n
appear in the expansion. By use of the results of a) and b) show that the coefficients cn satisfy a
recursion relation and use this to determine the coefficients.

e) For three different values λ = 0.5, 1.0 and 1.5, plot the coefficient |cn|2 as function of the
discrete variable n. Give a comment on how the distribution over energy levels changes with λ.

f) Assume that the harmonic oscillator is initially, for t = 0, in the squeezed coherent state
|ψ(0)〉 = |z0, λ0〉. Show that during the time evolution it will remain a squeezed state of the form
|ψ(t)〉 = eiα(t)|z(t), λ(t)〉, with α(t) as an unspecified complex phase. Determine z(t) and λ(t).

g) In the case z0 = 0 evaluate for λ0 real and positive, the following time dependent mean
values, 〈x̂〉, 〈p̂〉, and variances ∆x2, ∆p2. Make a plot of the time dependence of ∆x2 and ∆p2

for two values λ0 = 0.1 and λ0 = 0.5. Give a qualitative description of the results shown by the
plot.

Språklig kommentar
Sqeezed state kan gjerne på norsk oversettes med sammenpresset eller presset tilstand.
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