
FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2009

Problem set 1

1.1 Commutators and anti-commutators
We use the standard notation for commutators and anticommutators

[A, B] = AB −BA {A, B} = AB + BA (1)

where A and B are two operators or matrices. Show the following identities,

[A, BC] = [A, B] C + B [A, C]
[A, BC] = {A, B}C −B {A, C} (2)

1.2 Trace and determinant
The trace of a matrix A is the sum of its diagonal matrix elements,

Tr A =
∑
k

Akk (3)

Show that the trace of a matrix product satisfies the cyclic property

Tr(A1A2...An) = Tr(AnA1...An−1) (4)

and further show that this implies that the trace is invariant under a transformation,

Tr(UAU †) = Tr A (5)

with U as a unitary matrix.
The determinant of matrices satisfy the product rule

det(AB) = det A det B (6)

Show that this implies that the determinant is invariant under a unitary transformation,

det(UAU †) = det A (7)

Assume a hermitian matrix A has eigenvalues ak, k = 1, 2, ..., n. Explain why the trace and
determinant can be expressed in terms of the eigenvalues as

Tr A =
n∑

k=1

ak det A =
n∏

k=1

ak (8)

and further explain why this means that the trace and determinant of an observable Â (hermitian
operator) is well defined without specifying any matrix representation of the operator.

1.3 More on trace and determinant
The spectral decomposition of an hermitian operator Â is a sum of the form

Â =
∑
n

an|n〉〈n| (9)

1



where an are the eigenvalues and |n〉 are the corresponding eigenvectors of the operator. A function
f(a) defines an operator function f̂ ≡ f(Â) of Â by the related decomposition

f̂ ≡
∑
n

f(an)|n〉〈n| (10)

Use this definition and the results of problem 1.2 to show that we have the following relation

det eÂ = eTr Â (11)

assuming the trace of Â is well defined and finite (which may not necessarily be the case in an infinite
dimensional Hilbert space).

1.4 Heisenberg’s equation of motion
In the Heisenberg picture the state vectors are time independent, while the observables change with
time. An observable Â which has no explicit time dependence satisfies Heisenberg’s equation of
motion, in the form

d

dt
Â =

i

h̄

[
Ĥ, Â

]
(12)

with Ĥ as the Hamiltonian of the system.
Assume a particle of mass m moves in a one-dimensional potential V (x). In the coordinate

representation the position and momentum operators are given as

x̂ = x , p̂ = −ih̄
∂

∂x
(13)

Find the expressions for Heisenberg’s equation of motion for x̂ and p̂ and show that these give for the
position operator a differential equation with the same form as the classical equation of motion of a
particle with mass m in the potential V (x).

1.5 Ehrenfest’s theorem
A particle with mass m moves in one dimension under influence of a potential V (x). Show that
the expectation value x̄ = 〈x〉 of the position operator satisfies an equation of motion similar to the
classical equation of motion for a particle in the potential V (x). Is there any difference between the
equation of motion for the quantum expectation value x̄ and the classical position coordinate x?

To discuss more precisely under what conditions the classical and quantum equations coincide,
we make an expansion of the potential in deviations from x̄,

V (x) = V (x̄) + (x− x̄)
dV

dx
(x̄) +

1
2

(x− x̄)2
d2V

dx2
(x̄) +

1
6

(x− x̄)3
d3V

dx3
(x̄) + ... (14)

Show that the equation satisfied by x̄ has a correction term relative to the classical equation that
depends on the width of the wave function, ∆x =

√
〈(x− x̄)2〉. Discuss the result.
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