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FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2009

Problem set 3

3.1 Time evolution operator
In the Schrödinger picture the time evolution operator is defined through the equa-
tion

|ψ(t)〉 = Û(t, t0)|ψ(t0)〉 (1)

where |ψ(t)〉 is the time dependent state vector, which satisfies the Schrödinger
equation of the system.

a) Assume Ĥ is the Hamiltonian of the system. Show that the time evolution
operator satisfies the differential equation

ih̄
∂

∂t
Û(t, t0) = Ĥ Û(t, t0) (2)

b) When Ĥ is time independent, the time evolution operator only depends on
the time difference t − t0. Explain why this is the case and show that it takes the
form

Û(t− t0) = e−
i
h̄

Ĥ (t−t0) (3)

by using the definition of an operator function as discussed in Problem 1.3.
c) When Ĥ is time dependent, Ĥ = Ĥ(t), the expression (3) is no longer

valid. Instead a formal expression can be found, which is of the form

Û(t, t0) = 1− i

h̄

∫ t

t0
dtĤ(t) + ... (4)

which is an expansion in an increasing number of operators Ĥ . Show how this
expansion is derived and give the form of the n’th order term. When Ĥ is time
independent how does this expression relate to that of (3)? Check that the two
expressions in this case are consistent.

3.2 Dirac’s delta function
The basic relation defining the delta functions is the following

f(x) =
∫ ∞
−∞

dx′ δ(x− x′) f(x′) (5)
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with f(x) is any chosen function. Clearly this is not a function in the usual sense,
and in particular it has the property that δ(x) = 0 for x 6= 0 and δ(0) = ∞.
Nevertheless it is possible (with some care) to treat is a function and as we know
from the wave function description of quantum physics it is in many cases a very
useful concept.

In the following the formula for Fourier transformation in one dimension is
useful

f(x) =
1√
2π

∫ ∞
−∞

dkf̃(k)eikx (6)

f̃(k) =
1√
2π

∫ ∞
−∞

dxf(x)e−ikx (7)

a) Show that the delta function has the following Fourier expansion

δ(x) =
1

2π

∫ ∞
−∞

dk eikx (8)

b) Assume g(x) is a differentiable function with zeros at a set of points xi,

g(xi) = 0 for i = 1, 2, ..., N (9)

Assume also that the derivative does not vanish at these points, g′(xi) 6= 0. Show
by use of the defininition (5) that we have the following relation

δ(g(x)) =
∑

i

1

|g′(xi)|
δ(x− xi) (10)

3.3 Delta function potential
A particle with massmmoves under the influence of an attractive one-dimensional
delta function potential,

V (x) = −λ δ(x) (λ real and positive) (11)

a) Show by integrating the time independent Schrödinger equation in a small in-
terval around the origin ( − ε < x < ε, ε → 0) that the wave functions have a
discontinuity in its derivative at x = 0 (while the wave function itself is continu-
ous).
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Use in the following the discontinuity of the derivative as a matching condition
at x = 0 for solutions defined in the two regions x < 0 and x > 0.

b) Show that the time independent Schrödinger equation has scattering solu-
tions of the form

ψ(x) =
{
eikx + Ae−ikx x < 0
Beikx x > 0

(12)

and determine A and B.
c) Show that there is in addition a single energy eigenfunction with negative

energy, and determine the energy. Comment on the interpretation of this as a
bound state.

3.4 Position and momentum eigen states
The position and momentum eigen states are given by the relations

x̂|x〉 = x|x〉 〈x|x′〉 = δ(x− x′) (13)
p̂|p〉 = p|p〉 〈p|p′〉 = δ(p− p′) (14)

Furthermore, in the x-representation the momentum operator is give by p̂ =
−ih̄ d

dx
. Use these relations together with the Fourier expansion of the delta func-

tion to show that the scalar product of a momentum and a position state is give
by

〈x|p〉 =
1√
2πh̄

e
i
h̄

xp (15)

3.5 Propagator
Use the general definition of the propagator (in coordinate space)

G(xf tf , xiti) = 〈xf |Û(tf , ti)|xi〉 (16)

with Û(tf , ti) as the time evolution operator, to find the propagator for a free
particle in one dimension.

Note that the propagator can be calculated directly, the path integral expression
is not needed, but one need to treat gaussian integrals with imagiary coefficients
in the same way as done in the lectures.


