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FYS 4110: Non-relativistic quantum mechanics

Midterm Exam, Fall Semester 2006

The problem set is available from Friday October 13. The set consists of 2 problems written on
5 pages.

Deadline for returning solutions
is Friday October 20.

Return of solutions
Written/printed solutions should be returned to Ekspedisjonskontoret in the Physics Building.
Questions concerning the problems
Please ask the lecturer, Jon Magne Leinaas ( Office: room 471, email: j.m.leinaas@fys.uio.no).
Language
Solutions may be written in Norwegian or English, depending on your preference.

For solving the problems, it may be useful to consult the relevant sections of the lecture notes.

————————————————————————-

PROBLEMS

1 Spin coherent states
We consider a quantum spin Ĵ which acts in a 2j+1 dimensional vector space. In the standard

way we introduce a set of basis vectors |j,m〉, where j is the quantum number of the total spin, so
that Ĵ2 = j(j + 1)h̄2

1 and m is the quantum number of the z-component, Ĵz|j,m〉 = mh̄|j,m〉.
Thus, m runs from −j to j and identifies the basis vectors, while j is a fixed number which
characterizes the size of the total spin.

We remind about the following relations,

Ĵz|j,m〉 = mh̄ |j,m〉
Ĵ−|j,m〉 =

√
(j +m)(j −m+ 1) h̄ |j,m− 1〉

Ĵ+|j,m〉 =
√

(j −m)(j +m+ 1) h̄ |j,m+ 1〉 (1)

where Ĵ− = Ĵx − iĴy and Ĵ+ = Ĵx + iĴy.
The spin system has a certain similarity with a harmonic oscillator, in the sense that Ĵ+ and Ĵ−

are raising and lowering operators like â† and â, and Ĵz like the harmonic oscillator Hamiltonian
Ĥho has a spectrum with constant separation between the levels, where these raising and lowering
operators act. There are differences, in particular since the spectrum of Ĵz has a finite number
of levels, whereas the number of levels of the harmonic oscillator is infinite. In spite of these
differences, coherent states for the spin system can be introduced in a somewhat analogous way
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to that of the harmonic oscillator, but not precisely in the same way. In particular the coherent
states cannot be defined as eigenstates of the lowering operator Ĵ−.

a) Since the m quantum number is limited by m ≤ j the lowering operator Ĵ− has only one
eigenvector, which is the lowest state |j,−j〉. How do you show this?

Instead of defining the coherent states as eigenvectors of the lowering operator, they are
defined to be states of minimum uncertainty in the three components of the spin variable. To be
more precise, such a state should minimize

(∆J)2 =
〈
Ĵ2

〉
−

〈
Ĵ

〉2
(2)

b) Assume a particular spin state points in the z-direction in the sense
〈
Ĵ

〉
= Jk. Show that

if this is a minimum uncertainty state, then J = jh̄ or J = −jh̄.
c) A maximum spin state is defined by

n · Ĵ |n, j〉 = jh̄|n, j〉 (3)

with n as a unit vector in an arbitrary direction. Based on the result of b), explain why such a
maximum spin state is a minimum uncertainty state, with expectation value for the spin vector〈

Ĵ
〉
≡ 〈n, j|Ĵ|n, j〉 = jh̄n (4)

The above properties of |n, j〉 justifies this to be defined as a coherent states of the spin
system. The continuous set of all these states is specified by two variables, for example the polar
angles θ, φ of the vector n.

In the following we focus on the simplest case of spin half, j = 1/2. The spin coherent states
in this case are

|n〉 ≡ |n, 1
2
〉 (5)

corresponding to spin up along the n axis. For the particular case of spin along the z-axis we also
introduce the notation |0〉 for the spin down state (n = −k) and |1〉 for the spin up state (n = k).

d) Show that for j = 1/2 the condition of minimum uncertainty is trivially statisfied, so that
any state can be considered as a coherent state.

In order to bring the notation closer to that of the coherent states of the harmonic oscillator
we represent the unit vector n by a complex number z in the following way

z = e−iφ cot
θ

2
(6)

with φ and θ as the polar angles of n. (This mapping from the unit sphere to the complex plane
is referred to as a stereographic projection.) We further define |z〉 ≡ |n〉. With this definition
z = 0 corresponds to the spin-down state |0〉 along the z-axis, and for general z we have

σn|z〉 = |z〉 , σn = σ · n (7)



3

with n and z related by (6).
e) With |k〉, k = 0, 1 as the spin states along the z-axis, show that the transition function

between these basis states and the coherent states |z〉 can be written as

〈k|z〉 =
zk√

1 + |z|2
, k = 0, 1 (8)

(This corresponds to a particular choice of the complex phase of the coherent state. In the fol-
lowing we will make use of this choice of phase.)

We now introduce a coherent state representation by using the coherent states as basis vectors.
For a general state |ψ〉 the wave function in the z-representation is then defined as

ψ(z) = 〈z|ψ〉 (9)

f) Determine for |ψ〉 = |z0〉 the square modulus of the wave function,

|ψz0(z)|2 ≡ |〈z|z0〉|2 (10)

g) Show that the spin coherent states satisfy a completeness relation of the form∫ d2z

2π
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(1 + |z|2)2
|z〉〈z| = 1 (11)

where d2z denotes the standard area element in the two-dimensional plane, and demonstrate how
this completeness relation can be used to reconstruct the abstract vector |ψ〉 of any spin state
from the corresponding wave function ψ(z).

2 Entanglement in a three-particle system.
Three spin-half particles, referred to asA, B and C, are produced by a source S in a correlated

quantum state. The corresponding state vector can be factorized in a spin state and a position
state. We focus on the spin state, which has the form

|ψ〉 =
1√
2
(|uuu〉 − |ddd〉) (12)

where |uuu〉 = |u〉A ⊗ |u〉B ⊗ |u〉C , is the tensor product of spin up along the z-axis for all the
three particles, while |ddd〉 = |d〉A⊗ |d〉B⊗ |d〉C is the product state corresponding to spin down
for all the three particles along the z-axis. The state (12) is often referred to as a GHZ state
(Greenberger, Horne and Zeilinger). It corresponds to a so-called Bell-state for two particles,
and can obviously be generalized to an arbitrary number of spin half particles.

a) What do we mean by saying that the spins of the three particles are in a correlated state,
and what do we mean by calling the state entangled.

We first consider a division of the full system into two subsystems, ABC = A + BC, where
particle A is considered as one of the subsystems and the two other particles B and C as forming
the other subsystem.
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b) Find the reduced density matrices ρ̂A and ρ̂BC for the two subsystems. What are the
corresponding values for the (von Neuman) entropies SA and SBC . With the reference to these
values why do we call the GHZ state of the full system ABC maximally entangled? If we
consider only subsystem BC is there any entanglement between spin B and C?

We introduce two new sets of spin basis vectors corresponding to quantized spin in the x- and
y-directions. |f〉 = 1√

2
(|u〉 + |d〉) is spin up in the x-direction and |b〉 = 1√

2
(|u〉 − |d〉) is spin

down, while |r〉 = 1√
2
(|u〉 + i|d〉) is spin up in the y-direction and |l〉 = 1√

2
(|u〉 − i|d〉) is spin

down.

c) Rewrite the GHZ in two different ways, first by using basis vectors with quantized spin
along the x-axis for all three particles, then by using vectors with quantized spin along the y-axis
for spin A and B, but quantized spin along the x-axis for spin C.

d) Explain, by reference to the expressions for the GHZ state in c), how the three spin com-
ponents of particle A can be determined by performing spin measurements on particle B and C,
while not making any measurement on particle A. Specify in each of the three cases what direc-
tions should be chosen for spin measurements on B and C (not necessarily the same direction for
both particles).

We assume now the three particle spins to be in the GHZ state, and all the three particles to be
far apart. We follow the analysis of the EPR paradox and draw from point d) the conclusion that
all three spin components of spin A represent elements of reality and can therefore be ascribed
independent, measurable values mA

x , mA
y and mA

z , even before any measurement is performed
on the system. These values we have to consider as unknown, since they are not determined by
the quantum state. Note that exactly the same argument can be used for the spin components of
particle B and C.

We follow up this analysis by simply assuming the particles to have sharp, although unknown
valuesmx,my andmz, for all three spin components of each of the particles. For simplicity scale
the spin variables mx etc. to take values +1 and −1 for spin up and spin down. We confront this
assumption with the predictions of quantum mechanics.

e) Show that the following composite spin operators, Ô1 = σx⊗σy ⊗σy, Ô2 = σy ⊗σx⊗σy

and Ô3 = σy ⊗ σy ⊗ σx, have the GHZ state as an eigenstate. What are the corresponding
eigenvalues? We also consider a fourth operator Ô4 = σx⊗σx⊗σx. Show that Ô4 = −Ô1Ô2Ô3

and therefore also has the GHZ state as eigenstate. What is the corresponding eigenvalue.

f) Assuming the spin components of all three particles to have well defined values, denoted
mA

x , mA
y , etc., we interpret the eigenvalue equations for the operators Ô1, Ô2 and Ô3 as giving

similar equations for products of the m variables. Write these equations, which give constraints
on the unknown values.

Write also the corresponding equation for operator Ô4. Show that this equation is in conflict
with the three first ones.

This demonstrates that the assumption that all spin components have well defined, although
unknown values, by following EPR’s arguments about elements of reality, leads to a direct con-
flict with predictions of quantum mechanics. In the case discussed here we note that this conflict
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is a consequence of the technical point that different components of the spin operator of a parti-
cle anticommute while the corresponding measurable values mx, my and mz necessarily have to
commute.


