
FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2010

Problem set 12

12.1 Electric dipole transition in hydrogen (Exam 2008)
We consider the transition in hydrogen from the excited 2p level to the ground state 1s, where a single
photon is emitted. The initial atomic state (A) we assume to have m = 0 for the z-component of the
orbital angular momentum, so that the quantum numbers of this state are (n, l,m) = (2, 1, 0), with n
as the principle quantum number and l as the orbital angular momentum quantum number. Similarly
the ground state (B) has quantum numbers (n, l,m) = (1, 0, 0). When expressed in polar coordinates
the wave functions of the two states (with intrinsic spin of the electron not included) are given by
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where a0 is the Bohr radius.
We remind you about the form of the interaction matrix element in the dipole approximation,
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where e is the electron charge, k is the wave vector of the photon, a is the polarization quantum
number, ω is the photon frequency and εka is a polarization vector. V is a normalization volume for
the electromagnetic wave functions, ε0 is the permittivity of vacuum and rBA is the matrix element of
the electron position operator between the initial and final atomic states.

a) Explain why the x- and y-components of rBA vanish while the z-component has the form
zBA = νa0, with ν as a numerical factor. Determine the value of ν. (A useful integration formula is∫∞

0 dxxn e−x = n!.)
b) To first order in perturbation theory the interaction matrix element (2) determines the direction

of the emitted photon, in the form of a probability distribution p(φ, θ), where (φ, θ) are the polar
angles of the wave vector k. Determine p(φ, θ) from the above expressions.

c) The life time of the 2p state is τ2p = 1.6 · 10−9s while the excited 2s state (with angular
momentum l = 0) has a much longer life time, τ2s = 0.12s. Du you have a (qualitative) explanation
for the large difference?

12.2 Transition probabilities
In the lectures we have found several related expressions for the transition probability from an initial
to a final state. In this problem we will examine the relation between these expressions in some detail.

The first expression is the following
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This is the expression for the transition probability in a finite time interval t, found in perturbation
theory (under the assumption that certain rapidly oscillating terms can be neglected). In this expression
Ei and Ef are the unperturbed energies of the initial and final states, and Tfi is the T-matrix element,
which to first order is identical to the matrix element of the interaction

Tfi = 〈f |Ĥint|i〉 . (4)

For large times, t >> h̄/|Ef − Ei|, (3) can be approximated by the expression
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and this is the commonly used expression, referred to as Fermi’s golden rule, with a constant transition
rate between the two states.

However, it is obvious that (5) cannot be correct for too large t, since that would violate the con-
dition that probabilities are restricted to be smaller than or equal to 1. An improvement, based on the
finite life time of the initial state and some simplifying assumptions, gives the following expression,
valid in the limit t→∞,
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with Γi as the line width, related to the life time of the initial state, τi = h̄/Γi.

a) W (3)
fi can be written in a form similar to W (2)

fi ,
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with the time variable t replaced by the life time τi. Show that function f(Ef − Ei) approaches the
delta function δ(Ef − Ei) in the limit Γi → 0. (Use the general properties of the δ-function in the
same way as in the lecture notes.)

b) The result under point a) indicates that the finite life time τi of the initial state effectively
introduces a cutoff in the time evolution of the transition probability. Compare the two expressions
(3) and (6) by plotting Wfi as function of the frequency ωfi = |Ef − Ei|/h̄, with Wfi given by each
of the two expressions, and with t replaced by τi in the first one. Use dimensionless coordinates in
the plot, with ωfiτi as a the horizontal and Wfih̄

2/|Tfi|2 as the vertical coordinates. Comment on
similarities and differencies between the two curves.
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