
FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2010

Problem set 5

5.1 Displacement operators in phase space
For a particle moving in one dimension the position coordinate x and the momentum p define the

coordinates of the two-dimensional classical phase space.
In the quantum description of the one-dimensional harmonic oscillator non-hermitian lowering

operator is defined as

â =
1√

2mh̄ω
(mω x̂+ ip̂) (1)

We may consider this as the operator of a complex phase space variable, with position as the real part
and momentum as the imaginary part. It has a dimensionless form due to the constants introduced in
the expression.

A coherent state, in a similar way is characterized by a complex number z, the eigenvalue of â,
which we may interpret as a complex phase space coordinate,

z =
1√

2mh̄ω
(mω xc + ipc) (2)

The following operator

D̂(z) = e(zâ†−z∗â) (3)

acts as a displacement operator in phase space, in the sense

D̂(z)x̂D̂(z)† = x̂− xc , D̂(z)p̂D̂(z)† = p̂− pc (4)

Show that displacements in two different directions in general will not commute but rather satisfy
a relation of the form

D̂(za)D̂(zb) = eiα(za,zb)D̂(zb)D̂(za) (5)

with α(za, zb) as a complex phase. Determine the phase as a function of za and zb. What is the
condition for the two operators to commute?

5.2 Driven harmonic oscillator
(Midterm Exam 2008)

The Hamiltonian of a one-dimensional harmonic oscillator is given by the expression

Ĥ =
1

2m
(p̂2 +m2ω2

0x̂
2) = h̄ω0(â†â+

1
2

) (6)

with the raising and lowering operators defined by

â =
1√

2mh̄ω0
(mω0x̂+ ip̂) , â† =

1√
2mh̄ω0

(mω0x̂− ip̂) (7)
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The time evolution operator is

Û0(t) = e−
i
h̄
tĤ0 (8)

The coherent states of the oscillator are defined as eigenvectors of the lowering operator

â|z〉 = z|z〉 (9)

The general coherent state |z〉 is related to the ground state of the oscillator |0〉 by

|z〉 = D̂(z)|0〉 = e−z
∗zezâ

† |0〉 (10)

where the unitary shift operator is given by

D̂(z) = ezâ
†−z∗â (11)

a) Show that for a general operator Â we have the relation

ÛeÂ Û−1 = eÛÂ Û
−1

(12)

and use that to calculate the operator Û0(t)D̂(z)Û0(t)†. Make use of the result to determine the time
dependent state vector |ψ(t)〉, when this initially is a coherent state |ψ(0)〉 = |z0〉. Show that |ψ(t)〉
at later times t is also a coherent state.

We next assume the harmonic oscillator to be under influence of a time dependent external poten-
tial, so that the hamiltonian now is

Ĥ = Ĥ0 + Ŵ (x, t) (13)

In the following we assume the external potential to have the specific form

Ŵ (x, t) = Ax̂ sinωt (14)

with A as a constant and ω as the oscillation frequency of the external potential.
b) Find the Heisenberg equation of motion for x̂ and p̂ and show that they correspond to the equa-

tion of motion of a driven harmonic oscillator, that is subject to the periodic force f(t) = −A sinωt.

c) Give the definition of the time evolution operator ÛI(t) in the interaction picture and show that
it satisfies an equation of the form

ih̄
d

dt
ÛI(t) = ĤI(t)ÛI(t) (15)

Assume Ŵ is treated as the interaction. Show that ĤI(t) then is a linear function of â and â†,

ĤI(t) = θ(t)∗ â+ θ(t) â† (16)

and determine the function θ(t).
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d) Show that the equation (15) has a solution of the form

ÛI(t) = eξ(t)â
†−ξ∗(t)â eiφ(t) (17)

with ξ(t) as a complex and φ(t) as a real function of time. What are the equations that these two
functions should satisfy?

e) Use the expressions for Û0(t) and ÛI(t) to find the time dependent state vector |ψ(t)〉 in the
Schrödinger picture, with the same initial condition as in a). Show that also in this case it describes a
time dependent coherent state, of the form |ψ(t)〉 = eiγ(t)|z(t)〉. Find z(t) expressed in terms of z0,
ξ(t) and ω0.

f) Determine the function ξ(t) and find an explicit expression for z(t). The corresponding real
coordinate is x(t) =

√
2h̄/mω0 Re z(t). Does this coordinate satisfy the classical equation of motion

of the driven harmonic oscillator?

5.3 Jaynes-Cummings model
(Midterm Exam 2007)
Note: The last parts, e) and f), can be postponed to the coming week, after the lectures on the relevant
material.

The Jaynes-Cummings model is a simplified model for the system of an atom interacting with
the electromagnetic field. One assumes that only two of the atomic energy levels are involved in the
interaction, so that the atom can be modelled as a two-level system. One further assumes that only
one field mode is excited, so that the field can be modelled by an harmonic oscillator. In this oscillator
model the different energy levels correspond to different numbers of photons in the excited field mode.
The situation is most relevant for an atom in a reflecting cavity where a single mode of the field can
be strongly excited.

We write the Hamiltonian of the model in the following way

Ĥ =
1
2
h̄ω0σz + h̄ωa†a+ ih̄λ(a†σ− − aσ+) ≡ Ĥ0 + Ĥ1 (18)

where the Ĥ0 includes the two first terms, which describe the non-interacting atom and photons, and
Ĥ1 the third term, which describes interactions between the atoms and the photons. The expression
h̄ω0 in the first term gives the energy difference between the two atomic levels, while h̄ω is the
photon energy. (The zero point of the energy has been adjusted to absorb the ground state energy of
the harmonic oscillator and to place the energies of the two-level system symmetrically about E = 0.)
The Pauli matrices act as operators between the atomic levels, with σ± = (1/2)(σx ± iσy), and
a† and a are operators that create and destroys a photon. The interaction term thus has two parts,
where the first part creates a photon while lowering the atomic energy and the other part destroys a
photon while increasing the atomic energy. λ is a real valued parameter that determines the strength
of the interaction. The simple form of the interaction Ĥ1 given here is valid in the rotating wave
approximation. This gives a good approximation to the full interaction when the two frequencies ω0

and ω are close in value.
The objective is to study the time evolution of this system, where the interaction term will induce

oscillations between the atomic levels. These oscillations are called Rabi oscillations and are exam-
ined in a somewhat different way in Sect. 1.3.2 of the lecture notes. There the electromagnetic field
was treated as an external time dependent perturbation, while we here include the field as a part of the
full quantum system and describe it in terms of photons.
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We use the notation |m,n〉 for the eigenstates of the non-interacting Hamiltonian Ĥ0, with m =
±1 indicating the atomic state and n = 0, 1, 2, ... indicating the number of photons (which is here the
level number of the harmonic oscillator).

a) Show that the interaction Hamiltonian Ĥ1 couples the unperturbed levels only in pairs that
differ by one photon. We define such a pair of states as |1〉 ≡ |1, n − 1〉 and |2〉 ≡ | − 1, n〉. Show
that the Hamiltonian in the subspace spanned by this pair of states can be written as a 2x2 matrix of
the form

H =
1
2
h̄

(
∆ − ig
ig −∆

)
+ ε1 (19)

with 1 as the 2× 2 identity matrix, and find the expressions for ∆, g and ε.

b) Solve the eigenvalue problem for this 2x2 matrix Hamiltonian and find the energy eigenvalues
and the eigenvectors in matrix form. To simplify expressions it may be convenient to write the matrix
elements in terms of new parameters Ω and θ defined by

∆ = Ω cos θ , g = Ω sin θ , (20)

c) In matrix form a general time dependent state can be written as

ψ(t) =
(
c1(t)
c2(t)

)
(21)

Find the time dependent coefficients c1(t) and c2(t) expressed in terms of Ω and θ for the initial
condition c1 = 0, c2 = 1 at time t = 0. Show that |c1(t)|2 = sin2 θ sin2 Ωt

2 .

d) Give a qualitative description of the result for the excitation of the atom, and make a comparison
with the result of Sect. 1.3.2 of the lecture notes. How does the field strength B1 in the lecture notes
relate to the photon number n in the present case?

The system consisting of the atom and the photons can be considered as a composite quantum
system, where the atom is subsystemA and the electromagnetic field (the photons) defines subsystem
B. The Hilbert space of the full system is then a tensor product H = HA ⊗ HB . The eigenstates of
Ĥ0 referred to above are special cases of tensor product states,

|1〉 = |1, n− 1〉 = |+ 1〉A ⊗ |n− 1〉B
|2〉 = | − 1, n〉 = | − 1〉A ⊗ |n〉B (22)

e) Write the time dependent state (21) as a ”ket” vector expanded in the above product states, and
give the expression for the corresponding density operator in the bra-ket form. (Write the expressions
in terms of c1(t) and c2(t) without using the solutions for these.)

f) Show that the reduced density matrix of the atom (subsystem A) can be written as a 2x2 matrix
that depends only on |c1|2 and |c2|2. Find the corresponding von Neumann entropy expressed in
terms of θ and Ω and plot this as a time dependent function for several different values of sin θ with
Ω fixed. What do these plots show about variations in the entanglement between the atom and the
electromagnetic field?
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