
FYS 4110: Non-relativistic quantum mechanics

Midterm Exam, Fall Semester 2012

The problem set is available from Friday October 19.

Deadline for returning solutions
Friday October 26. Written/printed solutions should be returned to Ekspedisjonskontoret in the
Physics Building before closing time.

Questions concerning the problems
Please ask the lecturer, Jon Magne Leinaas (Office: room Ø471) or the assistant Marianne
Rypestøl (Office: Ø457).

Language
Solutions may be written in Norwegian or English, depending on your preference.

The problem set consists of 2 problems written on 4 pages.
————————————————————————-

PROBLEMS

1 A three-spin problem
We consider a system consisting of three electrons. They all sit at fixed positions, with their

spins as free variables. A constant magnetic field is pointing in the z-direction and there is a
spin-spin interaction between the particles, so that the Hamiltonian takes the form

H = a(Ŝ1 · Ŝ2 + Ŝ2 · Ŝ3 + Ŝ3 · Ŝ1) + b(Ŝ1z + Ŝ2z + Ŝ3z) (1)

with a and b as positive constants, and with the subscripts 1, 2, and 3, referring to each of the
three particles. (Note that in these expressions the tensor product form of the operators are not
specified explicitly.)

Figure 1: The three-spin-half system. Each of the straight lines shows a division of the full
system into two parts, where one part contains a single spin and the othe part contains two
spins.

a) The total spin we denote as Ŝ = Ŝ1 + Ŝ2 + Ŝ3. Show that the Hamiltonian can be

1



expressed in terms of Ŝ2 and Ŝz , and give the expression. Use the rule for composition of
quantum spins to show that the (spin) Hilbert space consists of three orthogonal subspaces,
characterized by spins 1/2, 1/2 and 3/2 respectively.

b) For certain values of a and b the ground state of the system is doubly degenerate, with
the states of this subspace having spin quantum numbers s = 1/2 (for Ŝ2) and m = −1/2 (for
Ŝz). What is the restriction on a and b when this is the case? We assume in the following this
condition to be satisfied.

c) Show that the following three states all lie in the two-dimensional, degenerate subspace
of the ground state,

|ψa〉 =
1√
2

(| −+−〉 − | − −+〉)

|ψb〉 =
1√
2

(| − −+〉 − |+−−〉)

|ψc〉 =
1√
2

(|+−−〉 − | −+−〉) (2)

where | − +−〉 = |−〉1 ⊗ |+〉2 ⊗ |−〉3, with the first factor of the tensor product is the spin
down state of particle 1, the second factor is a spin up state of particle 2 and the third factor is
a spin down state of particle 3, all with spins quantized in the z-direction. (Similar expressions
are valid for all the other three-particle states in the above expressions.)

d) The three-particle system can be considered as a bipartite system, with particle 1 defining
one subsystem and particles 2 and 3 defining the other part. We write this partition of the
system symbolically as 123 = 1 + (23). Two other partitions of this type are possible, namely
123 = 2 + (13) and 3 + (12) (see figure). Determine the reduced density operators of the
two subsystems, for all three partitions, in the case of state |ψa〉. Determine the entanglement
entropy in the three cases and show that the state is maximally entangled with respect to two
of the divisions of the system, but is unentangled with respect to the last one. Comment on
the situation for the two other states |ψb〉 and |ψc〉. In what sense is the entanglement in these
states a two-particle entanglement?

e) We seek new states, in the same subspace, where the entanglement is distributed evenly
between all the three particles. For this purpose consider the following two state vectors,

|ψI〉 =
1√
3

((|+−−〉+ e2πi/3| −+−〉+ e−2πi/3| − −+〉)

|ψII〉 =
1√
3

((|+−−〉+ e−2πi/3| −+−〉+ e2πi/3| − −+〉) (3)

Show that these vectors are orthogonal and span the two-dimensional subspace of the degener-
ate ground state.

f) Show that the entanglement entropy of the states I and II is the same for all three
partitions of the systems in two parts, as described above, and determine the value. Is the
entanglement entropy larger, smaller or equal to the average entanglement entropy of the states
(2), when this is averaged over the three partitions of the system.
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g) A measurement of the observable Ŝ1z is made on particle 1, with the system in the
|ψI〉state. Determine in both cases, when the result is spin up and when it is spin down, what
the entanglement of the subsystem (23) is.

2 Charged particle in a strong magnetic field.
We study in this problem the motion of electrons in a strong, homogenous magnetic field

B, with the electrons constrained to a plane orthogonal to the magnetic field. We choose a
coordinate system, with B pointing along the z-axis, and the electrons thus moving in the x,y-
plane. The electrons are assumed to be fully spin polarized along the magnetic field, and we
can therefore ommit the spin variable in the description.

The magnetic field is described by the following vector potential , Â = −(1/2)r̂×B. The
relation between velocity and (canonical) momentum is v̂ = (p̂−eÂ)/m, and the Hamiltonian
has the standard form Ĥ = (1/2m)(p̂− eÂ)2. With B = Bk assume in the following eB to
be positive.

a) Show that the angular momentum, written as

L̂ = (r̂× p̂)z (4)

is a conserved quantity. (The label z means the z-component of the vector product.)
b) It is convenient to introduce combinations of the position and velocity in the following

way,

R̂ = r̂ + η̂ , η̂ = (1/ω)v̂ × k (5)

with ω as the cyclotron frequency, ω = eB/m. We refer to the components of the vector R̂ as
X̂ and Ŷ , and the components of η̂ as η̂x and η̂y, and introduce the dimensionless operators

â =
1√
2 lB

(X̂ − iŶ ) , b̂ =
1√
2 lB

(η̂x + iη̂y) (6)

where lB is the so-called magnetic length, lB =
√
h̄/eB. Show that the set of operators

{â, â†, b̂, b̂†} satisfies the same commutation algebra as that of two independent harmonic os-
cillators.

c) Find the form of the Hamiltonian Ĥ and the angular momentum L̂ expressed in terms
of {â, â†, b̂, b̂†}. Show that the energy levels, commonly known as Landau levels, are equally
spaced and that the vectors of the lowest level are defined by b̂|ψ〉 = 0. Further show that the
corresponding subspace is spanned by angular momentum states |n〉, n = 0, 1, 2, ..., defined
by â|0〉 = 0, â†|n〉 =

√
n+ 1|n+ 1〉. What is the angular momentum of these states?

In the following we restrict the Hilbert space to the lowest Landau level. A coherent state
in the lowest Landau level is defined by the equation,

â|z〉 = z|z〉 (7)

and we remind you about the scalar products, derived in the lecture notes,

〈z|z′〉 = e−
1
2
(|z|2+|z′|2)+z′z∗ , 〈n|z〉 =

zn√
n!
e−

1
2
|z|2 (8)
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Assume two electrons, which we label by 1 and 2, are present in the system. Since the
electrons are fermions, all states are antisymmetric with respect to permuation of the electron
labels. In particular a two-particle coherent state, with the particles being located symmetrically
about the origin, gets the following form after antisymmetrization,

|Z,−Z〉a = N(Z)(|Z,−Z〉 − | − Z,Z〉) (9)

with |Z1, Z2〉 = |Z1〉 ⊗ |Z2〉 and N(Z) as a normalization factor. (We use here capital letters
in the definition of the state in order to avoid confusion whith the complex coordinates used
below.) Similarly the observables are all symmetric in the particle labels, and the lowering
operators of the two electrons, â1 and â2, for the same reason, do not separately represent
observables, but the symmetric combinations of them do.

d) Show that the antisymmetrized two-particle coherent state (9) is an eigenstate of the
two symmetric operators â1 + â2 and â1â2. Determine the normalization factor N(Z), and
find expressions for the density operator ρ̂ of the two-particle state and of the reduced density
operators ρ̂1 and ρ̂2.

e) Determine the reduced density matrix of particle 1 in the coherent state representation,
ρ1(z, z

′), and plot the one-particle density, defined as ρ(z) = 2ρ1(z, z), for three different
(real) values of particle coordinate Z, Z = 2.0, 1, 0 and 0.1. Make a 3D plot, or alternatively,
a contour plot, with the real and imaginary parts of the coordinate z as variables. Comment on
the results.

f) Show that ρ̂1 has the two states | ± Z〉 as eigenstates and determine the correspond-
ing eigenvalues. Use this to determine the entanglement of the two particles. What is this
entanglement due to.

g) Assume N electrons occupy the lowest angular momentum states n = 0, 1, 2, ..., (N−1).
Show that the reduced density operator of particle 1 then gets the form

ρ̂1 =
1

N

N−1∑
n=0

|n〉〈n| (10)

Find the corresponding expression for the one-particle density, ρ(z) = Nρ1(z, z), and make a
3D plot (or contour plot) of this as a function of the variable z, for N = 10. In what sense is
this the most densely populated N -particle state, localized around the origin?

h) Make also a plot of the one-particle density for N = 2 and compare with the density
plot of the antsymmetrized two-particle coherent state for Z = 0.1. Show that the state (9) in
fact coincides with the N = 2 state (10) in the limit Z → 0.
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