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11.1 Dressed photon states (Exam 2011)
A photon is interacting with an atom within a small reflecting cavity. The photon energy is close
to the excitation energy of the atom, which connects the ground state to the first excited state. Due
to interaction between the photon and the atom the stationary states of the composite system are
admixtures of the photon and atomic states. These are sometimes referred to as a ”dressed” photon
states. In this problem we examine some of the properties of the dressed states.

The Hamiltonian of the photon-atom system can be written as

Ĥ =
1

2
h̄ω0σz + h̄ωâ†â+ ih̄λ(â†σ− − âσ+) (1)

where h̄ω0 is then the energy difference between the two atomic levels, h̄ω is the photon energy, and
λh̄ is an interaction energy. The Pauli matrices act between the two atomic levels, with σz|±〉 = ±|±〉,
and with σ± = (1/2)(σx ± iσy) as matrices that raise or lower the atomic energy. â and â† are the
photon creation and destruction operators.

a) We introduce the notation |+, 0〉 = |+〉 ⊗ |0〉 and |−, 1〉 = |−〉 ⊗ |1〉 for the relevant product
states of the composite system, with 0, 1 referring to the photon number. Show that in the two-
dimensional subspace spanned by these vectors the Hamiltonian takes the form

H =
1

2
h̄∆

(
cosφ −i sinφ

+i sinφ − cosφ

)
+ ε1 (2)

where we assume |−, 1〉 to correspond to the lower matrix position and |+, 0〉 to the upper one. 1
denotes the 2× 2 identity matrix. Express the parameters ∆, cosφ, sinφ, and ε in terms of ω0, ω and
λ.

b) Find the energy eigenvalues E±. Find also the eigenstates |ψ±(φ)〉, expressed in terms of the
product states |+, 0〉 and |−, 1〉, and show that they are related by |ψ−(φ)〉 = |ψ+(φ+ π)〉.

In the following we focus on the state |ψ−(φ)〉, which we assume to be the one-photon state
in the non-interacting case. This state (with a convenient choice of phase factor) can be written as
|ψ−(φ)〉 = cos φ2 |−, 1〉+ i sin φ

2 |+, 0〉.
c) Find expressions for the reduced density operators of the photon and of the atom for the state

|ψ−(φ)〉. Discuss in what parameter interval the state is mostly a photon-like state and when it is
mostly an atom-like state.

d) Determine the entanglement entropy as a function of φ, and find for what values the entropy is
minimal and maximal. Relate this to the discussion in c).

e) At time t = 0 a single photon is sent into the cavity, where there is previously no photon and
the atom is in its ground state. Determine the time dependent probability p(t) for a photon later to
be present in the cavity. Give a qualitative explanation of its oscillatory behaviour, and specify what
determines the frequency and amplitude of the oscillations.

11.2 Distributed information (Exam 2012)
A secret message is distributed to a party of three, denoted A, B, and C, in the form of an entangled

three-spin state, coded into three spin-half particles. As the receiving party knows in advance, the

1



quantum state is one out of a selection of three,

|ψn〉 =
1√
3

(|+−−〉+ ηn| −+−〉+ (η∗)n| − −+〉) , η = e2πi/3 (3)

where n = 0, 1, 2. The message is identified by the value of n, which means by which of the three
quantum states that are distributed.

We use the notation |+−−〉 = |+〉⊗|−〉⊗|−〉 etc., where the single spin states |±〉 are orthogonal
states in a basis referred to as basis I. The three spinning particles are distributed to A, B and C, one
particle to each of them, with the the first state in the tensor product corresponding to the spin sent to
A, the second one to B and the third one to C. We assume the three-spin state is preserved under this
distribution.

Each person in the receiving party can make (spin) measurements on the spinning particle he/she
receives. The three can also communicate over a classical channel, which means that they can corre-
late their measurements and also compare the results of the measurements. They have, however no
quantum channel available for communication. This means that all the observables that are available
for measurements by the receiving party are of product form.

a) Determine the reduced density operator of A, and explain why, for any measurement he/she
performs on his particle, no information can be extracted about which of the three spin states |ψn〉 is
distributed. Also show that if A, B and C all make their spin measurements in basis I, even if they
communicate their measured results, these cannot make any distinction between the three values of n.

Next, consider the situation where A and B are not able to communicate with C. They decide to
perform measurements on the two spins they have received, and to make a probabilistic evaluation for
the different values of n, based on the measured results. In order to do so they decide both to make
their spin measurements in a rotated basis, which we refer to as basis II. The vectors in this basis are

|0〉 =
1√
2

(|+〉+ |−〉) , |1〉 =
1√
2

(|+〉 − |−〉) (4)

The possible outcomes of the measurements they list with numbers k = 1, 2, 3, 4, with the correspon-
dence

k = 1 : (0 , 0) , k = 2 : (0 , 1) , k = 3 : (1 , 0) , k = 4 : (1 , 1) (5)

We refer to the corresponding states as |φk〉, with |φ1〉 = |00〉 = |0〉 ⊗ |0〉, etc.
Before they do the measurements they evaluate for each three-spin state |ψn〉 the probabilities for

the different measurement results (labeled by k). These probabilities are referred to as p(k|n).
b) Find the reduced density operator ρ̂ABn and determine the probabilities p(k|n) for different

values of k and n. It is sufficient, due to repetitions of results, to consider n = 0, 1 and k = 1, 2. Do
you, in particular, see a reason why the probabilities are the same for n = 1 and n = 2, for all k?

c) Assume now that A and B perform their measurements, with the result labeled by k. The
probability for the state to be |ψn〉, under the condition that the measured result is k, we denote by
p̄(n|k). Under the assumption that all spin states |ψn〉 are equally probable until the result of the
measurement is known, statistics theory gives us the following relation

p̄(n|k) =
p(k|n)

p(k)
(6)

with p(k) as a normalization factor. Determine p(k) and the probability p̄(n|k) for each n in the case
k = 1 : (0 , 0). What is most probably the message that has been distributed?
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