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Oppgavesett 12

12.1 Photon emission
A particle with mass m and charge e is trapped in a one-dimensional harmonic oscillator potential,
oriented in the z-direction. The frequency of the oscillator is ω. At time t = 0 the particle is excited
to energy level n and it then performs a transition to level n− 1 by emitting one photon of energy h̄ω.
We write the energy eigenstates of the composite system of charged particle and photons as |n, nka〉,
With initially no photon present the state is |i〉 = |n, 0〉 while the final state with one photon present
is |f〉 = |n− 1, 1ka〉. To first order in perturbation theory the angular probability distribution p(θ, φ)
of the emitted photon is

p(θ, φ) = κ
∑
a

|〈n− 1, 1ka|Ĥemis|n, 0〉|2 (1)

with (θ, φ) as the polar angle of the photon quantum number k and κ as a proportionality factor.
Ĥemis is the emission part of the interaction Hamiltonian, which in the dipole approximation is

Hemis = − e

m

∑
ka

√
h̄

2V ε0 ω
p̂ · εka â†ka (2)

a) Determine the particle matrix element 〈n− 1|p̂|n〉.
b) Find the probability distribution p(θ, φ).

12.2 A radiation problem (Exam 2011)
We consider a one-dimensional problem where a two-level system (A) interacts with a scalar

radiation field (B). The notation we use is essentially the same as in Problem 11.1. The Hamiltonian
of the system we consider is

Ĥ =
1

2
h̄ωA σz +

∑
k

h̄ωkâ
†
kâk + κ

∑
k

√
h̄

2Lωk
(âkσ+ + â†kσ−) = Ĥ0 + Ĥint (3)

The first term is the two-level Hamiltonian, with energy splitting h̄ωA, the second one is the free
field contribution, with k = 2πn/L (n - integer) as the wave number of the photon. L is a (large)
normalization length. The third term is the interaction term Ĥint, with κ as an interaction parameter.
The frequency parameter is ωk = c|k|.

a) A general state of the two-level system is characterized by a vector r, with r ≤ 1, and with the
corresponding density matrix as

ρA =
1

2
(1 + r · σ) =

1

2

(
1 + z x− iy
x+ iy 1− z

)
(4)

Consider first that the interaction term Ĥint is turned off, κ = 0, so that the time evolution operator of
the two-level system is Û(t) = exp(− i

2ωA t σz). Use this to determine the the density matrix ρA(t) at
time t, assuming that ρA(0) is identical to the density matrix in (4), and show that the time evolution
of r is a precession around the z-axis with angular velocity ωA.
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b) Assume next that κ 6= 0 and that initially the two-level system is in the excited ”spin up state”,
while the scalar field is in the vacuum state. Thus, the initial state is |+, 0〉 = |+〉⊗|0〉. It decays to the
”spin down state” by emission of a field quantum. The final state we then write as |−, 1k〉 = |−〉⊗|1k〉.

The occupation probability of the excited state |+〉 decays exponentially, P+(t) = exp(−γt),
with a decay rate γ that to first order in the interaction, and in the limit L→∞, is given by

γ =
L

(2πh̄)2

∫
dk |〈−, 1k|Ĥint|+, 0〉|2 δ(ωk − ωA) (5)

Determine the decay rate γ, expressed in terms of the parameters of the problem.
As discussed in the lectures an approximate way to handle the decay is to introduce an imaginary

contribution to the energy of the decaying state. Assuming a more general initial state, of the form

|ψ(0)〉 = (α|+〉+ β|−〉)⊗ |0〉 = α|+, 0〉+ β|−, 0〉 (6)

with α and β as unspecified coefficients, with |α|2 + |β|2 = 1, we make the corresponding ansatz for
the time evolved state

|ψ(t)〉 = (e−
i
2
ωAt−γt/2α|+〉+ e

i
2
ωAtβ|−〉)⊗ |0〉+

∑
k

ck(t)|−, 1k〉 (7)

with ck(t) as decay parameters, which satify ck(0) = 0.
c) Check what normalization of the state vector (7) means for the decay parameters, and determine

the reduced density matrix matrix ρA(t) of the two-level system.
d) Assume the same initial conditions as in b), z(0) = 1, x(0) = y(0) = 0 (α = 1, β = 0).

Determine the density matrix ρA(t) and the corresponding time dependent vector r(t). Is the time
evolution consistent with the expected exponential decay of the excited state of the two-level system?
Give a brief description of the evolution of the entanglement between the two level system and the
radiation field during the decay.

e) Choose another initial condition x(0) = 1, y(0) = z(0) = 0 (α = β = 1/
√

2), and find also
in this case the time evolution of the reduced density matrix and the components of the vector r(t).
Sketch the time evolution of r(t) and compare qualitatively the motion with that in a) and d). Find
r(t)2 expressed as a function of γt, and sketch also this function. What does it show about the time
evolution of the entanglement between the two subsystems A and B?

Assume in this paragraph γ << ωA.

12.3 The Linblad equation
Assume a quantum system consists of two subsystems, a small system A and a large system B, with a
weak interaction between the two subsystems. The quantum state of B is then only weakly affected by
the interaction with A, and we can assume that the reaction from B back on system A will not depend
on the state of A at any earlier time. We say that there is no memory effect in the the interaction.

Under this condition the density operator ρ̂A of subsystem A can be shown to satisfy (to a good
approximation) a linear differential equation, the Lindblad equation, of the form

dρ̂

dt
= − i

h̄

[
ĤA

0 , ρ̂
]
− 1

2

∑
ij

γji
[
α̂†jiαji ρ̂+ ρ̂ α̂†jiαji − 2αji ρ̂ α̂

†
ji

]
(8)

In the equation ĤA
0 is the Hamiltonian of subsystem A, γji is a set of parameters, which are identical

to the transition rates for transitions |i〉 → |j〉, with |i〉 and |j〉 as eigenstates of ĤA
0 , and α̂ji is the
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corresponding ”jump operator” α̂ji = |j〉〈i|. The transitions |i〉 → |j〉, which are caused by the
interactions with B, will cause decay of state |i〉, with decay parameter given by γi =

∑
j γji. Note

that all information that is left in the equation (8) about the interaction with subsystem B, is contained
in the transition parameters γji.

Assume subsystem A to refer to the two-level system in Problem 12.2 and B to the radiation field.
Then there is only one transition |+〉 → |−〉 induced by the interaction of A with B, with γ as the
corresponding transition parameter.

a) Write the Lindblad equation in a form where this simplification taken into account, and show
that the equation is satisfied for the reduced density matrix ρA(t) found in paragraph a) of Problem
12.2.
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