
FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2013

Problem set 7

7.1 Entanglement
Two persons A and B communicate with the help of quantum entanglement. They share a set of pairs
of particles with spins in the entangled state

|ψ〉 =
1√
2

(|+ +〉+ | − −〉) (1)

where | + +〉 = |+〉 ⊗ |+〉 is a state where both particles of the pair have spin up in the z-direction,
and similarly | − −〉 = |−〉 ⊗ |−〉 is the state where both particles have spin down in the z-direction.

a) What is the quantity used as measure for the degree of entanglement in such a two-partite
system, and what is the degree of entanglement in the given spin state?

b) Assume A and B perform independent spin operations on their particles in a given pair, each
operation described by a unitary operator, ÛA or ÛB . What happens to the entanglement of the two-
particle system under such an operation.

c) Assume A performs an ideal measurement of the spin component in the x- direction, which
projects the spin to an eigenstate of the x-component of the spin operator. What happens to the entan-
glement in this case?

7.2 Schmidt decomposition
A spin-half particle moving in one dimension is described by a two-component wave function

Ψ(x) =

(
ψ1(x)
ψ2(x)

)
(2)

where the upper matrix position is assumed to correspond to ”spin up” in the z-direction and the lower
matrix position to ”spin down” in the same direction. The scalar product of the two wave functions
will generally be different from zero, and we write it as

〈ψ1|ψ2〉 =

∫
dxψ∗1(x)ψ2(x) ≡ ∆ (3)

a) The Schmidt decomposition of the two-component wave function has the form

Ψ(x) = c1χ1 φ1(x) + c2χ2 φ2(x) (4)

where c1 and c2 are expansion coefficients, χ1 and χ2 are normalized, two-component spinors, and
φ1(x) and φ2(x) are normalized, scalar (one-component) wave functions. What are the conditions
that the spinors and wave functions should satisfy?

b) Assume the two wave functions of (2) are real Gaussian functions of the form

ψ1(x) = Ne−λ(x−x0)
2
, ψ1(x) = Ne−λ(x+x0)

2
(5)

Determine the normalization factor N and the overlap ∆, expressed in terms of λ and x0.
c) Determine the coefficients, spinors and wave functions in (4), also expressed in terms of λ and

x0. (Since the wave function Ψ(x) is real, you may assume the variables in Eq.(4) all to be real.)
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7.3 Charged particle in a strong magnetic field (Midterm Exam 2005).
We study in this problem a particle with electric charge e that moves in a strong magnetic field

B. The motion is assumed to be constrained to a plane (the x, y-plane) with the magnetic field
orthogonal to the plane. The magnetic field is assumed to be constant over the plane, and eB is taken
to be negative, with B as the z-component of B. We assume in the following that the rotationally
symmetric form of the vector potential is chosen, A = −(1/2)r ×B. The relation between velocity
and (canonical) momentum is v = (p − eA)/m, and the Hamiltonian has the standard form H =
(1/2m)(p− eA)2.

B

We consider first the classical, non-relativistic form of the particle motion. Next we study the
quantum description, where a set of coherent states is introduced for the particle in the degenerate
ground state of the Hamiltonian. This description is particularly relevant for the study of the quantum
Hall effect, where a 2-dimensional electron gas moves under the influence of a strong magnetic field.

a) Use Newton’s second law for a charged particle in a magnetic field to show that, classically,
the particle moves in a circular orbit with constant angular velocity ω = −eB/m. Show, by use
of the equation of motion, that generally the (z component of the) mechanical angular momentum
Lmek = m(xvy − yvx) is not a constant of motion, whereas L = Lmek + (eB/2)r2 is conserved.
(The last term can be viewed as an electromagnetic contribution.)

b) Consider the following vector, R = r + (1/ω)k × v, with r as the position and v as the ve-
locity, k as the unit vector in the z-direction (orthogonal to the plane) and B as the (z-component
of) the magnetic field. Show that R is a constant of motion, and give a physical interpretation of R
and of the vector ρ = (1/ω)k×v for the circular orbits? R is known as the guiding center coordinate.

c) In the quantum description, the position r and momentum p are, in the standard way replaced by
operators r̂ and p̂ that satisfy the Heisenberg commutation relations. Show that the two components
X̂ and Ŷ of the vector R̂, in the quantized form, do not commute. In what sense is the X,Y -plane
similar to a two-dimensional phase space? Examine also commutators between the components ρ̂x
and ρ̂y of ρ̂ in the same way.

d) Introduce dimensionless operators

â =
1√
2lB

(X̂ + iŶ ) , b̂ =
1√
2lB

(ρ̂x − iρ̂y) (6)

where lB is the so-called magnetic length, lB =
√
h̄/|eB|. Show that the set of operators {â, â†, b̂, b̂†}
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satisfy the same commutation algebra as that of two independent harmonic oscillators. The corre-
sponding set of harmonic oscillator states we denote by |m,n〉, where â† acts as a raising operator on
the m quantum number and b̂† as a raising operator on the n quantum number.

e) Find expressions for the Hamiltonian Ĥ and angular momentum L̂ in terms of the â and b̂ operators.
Show that Ĥ has an harmonic oscillator spectrum and find also the eigenvalues of L̂ expressed in terms
of m and n.

In the following we assume the particle to be restricted to the degenerate ground state of Ĥ .
For a charged particle in a magnetic field this is referred to as the lowest Landau level. Show that
this restriction corresponds to the condition n = 0, while m is a free variable, so that the states
|m〉 ≡ |m, 0〉,m = 0, 1, 2, ... form a complete set.

f) A coherent state in the Lowest Landau level can be defined by the equation

â|z〉 = z|z〉 , b̂|z〉 = 0 (7)

Calculate the expectation values of the components of the position operator, x̂ and ŷ in the coherent
state and show that it is peaked around the point x =

√
2lB Re z, y =

√
2lB Im z in the x, y-plane.

Use the coherent state representation for the |m〉 states, to demonstrate that the number of independent
states in the lowest Landau level increases linearly with the available area in the x, y-plane. Find the
density of states in the x, y-plane.

g) We assume that a weak, constant electric field E is introduced in the x-direction. Show that this
effectively introduces the following Hamiltonian in the lowest Landau level,

H ′ =
1

2
h̄ω − lb√

2
eE(â+ â†) (8)

Also show that this Hamiltonian gives a time dependence to the coherent state |z(t)〉, corresponding
to a drift with constant velocity in the y-direction. What is the drift velocity?
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