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PROBLEM 1
Entanglement in a two-spin system

We consider a composite quantum system consisting of two spin-half systems, A and B. The
relevant states are restricted to the two-dimensional subspace spanned by the two (orthogonal)
Bell states

|1〉 =
1√
2

(|+−〉+ | −+〉) , |2〉 =
1√
2

(|+−〉 − | −+〉) (1)

where we use the notation |+−〉 = |+〉 ⊗ |−〉, with |±〉 refering to the two eigenstates of σz.
Consider first (Case I) a linear superposition of the two state vectors, of the form

|ψ(x)〉 = cosx |1〉+ sinx |2〉 , 0 ≤ x ≤ π

2
(2)

The corresponding density operator we denote by ρ̂I(x) = |ψ(x)〉〈ψ(x)|.
a) Show that the density operator of the full system, when expressed in the product basis,

takes the form

ρ̂I(x) =
1

2
(1 + sin(2x))|+−〉〈+− |+ 1

2
(1− sin(2x))| −+〉〈−+ |

+
1

2
cos(2x)(|+−〉〈−+ |+ | −+〉〈+− |) (3)

Determine the reduced density operators ρ̂IA(x) and ρ̂IB(x) of the two spins and the correspond-
ing entropies SIA(x) and SIB(x). Characterize the entanglement of the two spins for the special
values x = 0, π/4, and π/2.
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Consider next (Case II) the following linear combination of the density operators of the two
Bell states,

ρ̂II(x) = cos2 x |1〉〈1|+ sin2 x |2〉〈2| , 0 ≤ x ≤ π

2
(4)

b) What is the von Neuman entropy SII(x) of this state? Find the reduced density operators
ρ̂IIA(x) and ρ̂IIB(x), and the corresponding entropies SIIA(x), and SIIB(x). In this case, how
do you characterize the state of the full system for x = π/4.

For a composite quantum system in pure quantum state, the degree of entanglement is ex-
pressed by the von Neumann entropy of one of its subsystems. When the system is in a mixed
state we do not have a general, universally accepted, measure for the degree of entanglement.
However, for a classical, statistical system we have the following inequality for the entropy of
the full systems and its subsystem,

∆ ≡ S −max{SA, SB} ≥ 0 (5)

The breaking of this inequality in a quantum system therefore indicates that the two subsystems
are entangled.

c) Show that in the two cases I and II the functions ∆I(x) and ∆II(x) are negative for all x,
except for one value of x.

PROBLEM 2
Radiation damping

A charged particle is oscillating in a one-dimensional harmonic oscillator potential. It emits
electric dipole radiation, with the rate for transition between an initial state i and a final state f
given by the radiation formula

Wfi =
4α

3c2
ω3
fi|xfi|2 (6)

where α is the fine structure constant, h̄ωfi is the energy radiated in the transition, and c is the
speed of light. x is the position coordinate of the particle, which is related to the raising and
lowering operators of the harmonic oscillator by

x =

√
h̄

2mω
(â† + â) (7)

with m as the mass of the particle.
a) Show that the non-vanishing transition rates are of the form

Wn−1,n = γn (8)

with n = 0, 1, 2, ... as referring to the energy levels of the harmonic oscillator, and γ as a constant
decay parameter. Detemine γ.

The time evolution of the quantum state of the oscillating particle is described by the Lindblad
equation in the following way

dρ̂

dt
= − i

h̄
[H0, ρ̂]− 1

2
γ
[
â†âρ̂+ ρ̂â†â− 2âρ̂â†

]
(9)
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with ρ̂ as the density operator of the particle and H0 as the harmonic oscillator Hamiltonian,
without decay.

b) In the following we focus on the diagonal terms of the density matrix, pn = ρnn = 〈n|ρ̂|n〉,
which define the occupation probabilities of the energy eigenstates. Show that they satisfy the
equation

dpn
dt

= −γ(npn − (n+ 1)pn+1) (10)

Explain why this is consistent with the expression (8) for the transition rateWn−1,n.
c) Show that Eq. (10) implies that the expectation value of the excitation energy

E = 〈H0〉 −
1

2
h̄ω (11)

decays exponentially with time.

PROBLEM 3
A state in thermal equilibrium

A quantum state in thermal equilibrium is described by the density operator

ρ̂(β) = N(β)e−βĤ = N(β)
∑
n

e−βEn|n〉〈n| (12)

with Ĥ as the Hamiltonian, En as the corresponding energy eigenvalues, and N(β) as a normal-
ization factor. The parameter β is related to the temperature T by β = 1/(kBT ), with kB as
Boltzmann’s constant.

a) Show that the expectation value for the energy can be expressed in terms of N(β) as

E(β) =
d

dβ
lnN(β) (13)

and find a similar expression for the von Neumann entropy S(β) = −Tr[ρ̂(β) ln ρ̂(β)]. (Use
here the natural logarithm in the definition of S.)

b) For a two-level system, with Hamiltonian Ĥ = (ε/2)σz, determine the functions N(β),
E(β) and S(β), and make a sketch of the expectation value of the energy E as function of the
temperature T .

c) The density operator can be expressed as ρ̂ = (1/2)(1 + r · σ). Determine the vector r as
a function of β and relate this to the results in b).
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