
FYS 4110 Non-Relativistic Quantum Mechanics, Fall Semester 2014

Problem set 12

12.1 Time evolution in a two-level system (Exam 2013)
The Hamiltonian of a two-level system (denoted A) is Ĥ0 = (1/2)h̄ω σz, with σz as the diagonal

Pauli matrix. We refer to the normalized ground state vector as |g〉 and the exited state as |e〉. In reality
the system is coupled to a radiation field (denoted S), and the excited state will therefore decay to the
ground state under emission of a quantum of radiation. ρ̂ denotes the reduced density operator of
subsystem A. To a good approximation the time evolution of this system is described by the Lindblad
equation
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with γ as the decay rate for the transition |e〉 → |g〉, α̂ = |g〉〈e| and α̂† = |e〉〈g|.
In matrix form, with {|e〉, |g〉} as basis, we write the density matrix as ρ̂

ρ̂ =

(
pe b
b∗ pg

)
(2)

with pe as the probability for the system to be in state |e〉 and pg as the probability for the system to
be in state |g〉.

a) Assume initially the two-level system, at time t = 0, to be in state ρ̂ = |e〉〈e|. Show, by use
of Eq. (1), that pe decays exponentially, with γ as decay rate, while the total probability pe + pg is
conserved.

b) Assume next that the system is initially in the following superposition of the two eigenstates of
Ĥ0, |ψ〉 = 1√

2
(|e〉+ |g〉). Determine the time dependent density matrix ρ̂(t) with this initial state.

c) The density operator of subsystem A can alternatively be expressed in terms of the Pauli ma-
trices as ρ̂ = 1

2(1 + r · σ). Determine the function r2(t) in the two cases above and show that in
both cases it has a minimum for t = (1/γ) ln 2. What is the minimum value for r in the two cases?
Comment on the implication the results give for the entanglement between the two subsystems A and
S. (We assume A+S all the time to be in a pure state.)

12.2 Electric dipole transition in hydrogen (Exam 2008)
We consider the transition in hydrogen from the excited 2p level to the ground state 1s, where a

single photon is emitted. The initial atomic state (A) we assume to have m = 0 for the z-component
of the orbital angular momentum, so that the quantum numbers of this state are (n, l,m) = (2, 1, 0),
with n as the principle quantum number and l as the orbital angular momentum quantum number.
Similarly the ground state (B) has quantum numbers (n, l,m) = (1, 0, 0). When expressed in polar
coordinates the wave functions of the two states (with intrinsic spin of the electron not included) are
given by
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1√
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where a0 is the Bohr radius.
We remind you about the form of the interaction matrix element in the dipole approximation,

〈B, 1ka|Ĥemis|A, 0〉 = ie

√
h̄ω

2V ε0
εka · rBA (4)

where e is the electron charge, k is the wave vector of the photon, a is the polarization quantum
number, ω is the photon frequency and εka is a polarization vector. V is a normalization volume for
the electromagnetic wave functions, ε0 is the permittivity of vacuum and rBA is the matrix element of
the electron position operator between the initial and final atomic states.

a) Explain why the x- and y-components of rBA vanish while the z-component has the form
zBA = νa0, with ν as a numerical factor. Determine the value of ν. (A useful integration formula is∫∞
0 dxxn e−x = n!.)

b) To first order in perturbation theory the interaction matrix element (4) determines the direction
of the emitted photon, in the form of a probability distribution p(φ, θ), where (φ, θ) are the polar
angles of the wave vector k. Determine p(φ, θ) from the above expressions.

c) The life time of the 2p state is τ2p = 1.6 · 10−9s while the excited 2s state (with angular mo-
mentum l = 0) has a much longer life time, τ2s = 0.12s. Do you have a (qualitative) explanation for
the large difference?
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