
FYS 4110/9110 Modern Quantum Mechanics
Midterm Exam, Fall Semester 2019

Return of solutions:
The problem set is available from Monday morning, 14 October.
You may submit handwritten solutions, but they have to be scanned and included in one single file,
which is submitted in Inspera before Monday, 21 October, at 12:00.

Language:
Solutions may be written in Norwegian or English depending on your preference.
Questions concerning the problems:
Please ask Joakim Bergli (room V405).

The problem set consists of 3 problems written on 4 pages.

All the problems in this exam are related to the same model of two coupled harmonic oscillators.

Problem 1: Entanglement in the evolution starting from a number state

Two harmonic oscillators, A and B, are coupled with a Hamiltonian

H = h̄ωaâ
†â+ h̄ωbb̂

†b̂+ h̄
λ

2
(â†b̂+ b̂†â). (1)

Here â† and â are creation and annihilation operators for oscillator A and b̂† and b̂ corresponding
operators for oscillator B.

a) Show that the Hamiltonian can be expressed in diagonal form as

H = h̄ωcĉ
†ĉ+ h̄ωdd̂

†d̂ (2)

where ĉ and d̂ are linear combinations of â and b̂

ĉ = µâ+ νb̂, d̂ = νâ− µb̂ (3)

where µ and ν are positive real constants satisfying µ2 + ν2 = 1. Determine the constants µ, ν,
ωc and ωd in terms of ωa, ωb and λ. Check that the operators ĉ and d̂ satisfy the usual harmonic
oscillator commutation relations, and that the oscillators C and D are independent of each other
(all operators for different oscillators commute).

b) Assume that the initial state of the system is the first excited state of oscillator A. That is, the state
|1A0B〉 = â†|0〉where |0〉 is the ground state. Find the state of the coupled oscillators as a function
of time.
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c) We define the number operators for the original oscillators as NA = â†â and NB = b̂†b̂. With the
initial state of the system still â†|0〉, find the expectation values 〈NA〉 and 〈NB〉 as functions of
time. Describe the result and discuss the cases were the oscillators are identical (ωa = ωb) or very
different.

d) Calculate the entanglement entropy between oscillators A and B as a function of time. What is the
maximal value of the entanglement entropy for different ∆ = ωa − ωb?

e) Assume now that oscillator A initially is in the state |n〉 while B is in its ground state. Find the
state of the oscillators as function of time. Find also 〈NA〉 and 〈NB〉 and compare to the result of
question c). This question is a bit technical, and no further question depends on solving this first,
so you may skip it and return to it later if you have time.

Problem 2: Evolution starting from a coherent state

a) Let the initial state |ψ(0)〉 of the composite system be a coherent state when expressed in terms of
the new variables,

ĉ|ψ(0)〉 = zc0|ψ(0)〉, d̂|ψ(0)〉 = zd0|ψ(0)〉,

Also at a later time the state |ψ(t)〉 will be a coherent state for both ĉ and d̂ with eigenvalues

zc(t) = e−iωctzc0, zd(t) = e−iωdtzd0.

Show this for zc(t) (The expression for zd(t) then follows from symmetry).

b) Show that the state |ψ(t)〉 from the previous question is also coherent with respect to the operators
â and b̂ and find the eigenvalues za(t) and zb(t) expressed in terms of za0 and zb0.

c) The state |za(t)〉 ⊗ |zb(t)〉 is clearly coherent with respect to the operators â and b̂ and with the
eigenvalues za(t) and zb(t). But is is not so obvious that this is the only state with this property.
Show that this is indeed the case, so that we have |ψ(t)〉 = |za(t)〉⊗ |zb(t)〉. What does this imply
for the entanglement of the two oscillators if we start from a coherent state |za0〉 ⊗ |zb0〉?

d) To show that the result of question c) is not trivial, we consider the following situation. We have
a system that is composed of two parts, A and B, and a state |ψ〉 for the full system. We are also
given two operators A and B acting on the corresponding subsystems, such that

A⊗ 1|ψ〉 = za|ψ〉, 1⊗B|ψ〉 = zb|ψ〉. (4)

If A|ψA〉 = za|ψA〉 and B|ψB〉 = zb|ψB〉 it is clear that the product state |ψ〉 = |ψA〉 ⊗ |ψB〉
satisfies Eq. (4). Give an example were this is not the unique solution, and show that there can be
entangled states |ψ〉 satisfying Eq. (4).

e) Find 〈NA〉 and 〈NB〉 for the state |ψ(t)〉 if the initial state is |ψ(0)〉 = |za0〉A ⊗ |0〉B .
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Problem 3: Evolution when the system is coupled to an environment

If the two oscillators are not isolated from the surroundings, the state will evolve from a pure to a
mixed state. To describe this, we will use the Lindblad equation

ρ̇ = − i
h̄

[H, ρ]− γ

2

(
â†âρ+ ρâ†â− 2âρâ†

)
− γ

2

(
b̂†b̂ρ+ ρb̂†b̂− 2b̂ρb̂†

)
where H is given by (1).

a) What have we assumed about the temperature of the environment when we have writen the Lind-
blad equation in this form?

b) We denote the matrix elements of ρ in the basis of the eigenstates for the A and B oscillators by

ρmn,m′n′ = 〈mAnB|ρ|m′An′B〉

Show that if we start from the state |1A0B〉, the equations for all nonzero elements of the density
matrix are:

ρ̇10,10 = −γρ10,10 − i
λ

2
(ρ01,10 − ρ10,01)

ρ̇01,10 = (i∆− γ)ρ01,10 − i
λ

2
(ρ10,10 − ρ01,01)

ρ̇10,01 = (−i∆− γ)ρ10,01 + i
λ

2
(ρ10,10 − ρ01,01)

ρ̇01,01 = −γρ01,01 + i
λ

2
(ρ01,10 − ρ10,01)

ρ̇00,00 = γ(ρ10,10 + ρ01,01)

c) Show that the solution to these equations is

ρ10,10 =

[
cos2

λ̄t

2
+ ε2 sin2 λ̄t

2

]
e−γt

ρ01,10 =

[
−iδ cos

λ̄t

2
sin

λ̄t

2
+ εδ sin2 λ̄t

2

]
e−γt

ρ10,01 =

[
iδ cos

λ̄t

2
sin

λ̄t

2
+ εδ sin2 λ̄t

2

]
e−γt

ρ01,01 = δ2 sin2 λ̄t

2
e−γt

ρ00,00 = 1− e−γt

(5)

where
λ̄ =

√
∆2 + λ2, δ =

λ

λ̄
, ε =

∆

λ̄
.

d) The case γ = 0 is identical to that which we studied in Problem 1b). Check that the solution that
you obtained there gives the same density matrix as Eq. (5) in this case.
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e) We would like to quantify the entanglement beween the two oscillators as function of time, and
see how it depends on the damping rate γ. For a pure state of the combined system, we use the
entanglement entropy as a measure of entanglement. Check that our system is in a pure state if and
only if γ = 0.

f) For γ > 0 we have a mixed state for the combined system, since it is coupled to the environment.
The entanglement entropy will then not be a sensible measure of entanglement. Give an example
of a mixed state that is not entangled but still has a large entanglement entropy.

g) For mixed states, no simple test that determines if a state is entangled or not is known in general.
For two coupled two-level systems it has been shown that the positive partial transpose criterion
is sufficient. Search for information on this and explain how it is computed. Describe what you
learn for a general system if the partial transpose is positive, and what is special for the case of two
coupled two-level systems. Cite your sources.

h) Explain why we can apply the results for coupled two-level systems to the state (5). Calculate the
positive partial transpose of this state and show that it is entangled.

i) One possible measure of the entanglement for mixed states is the concurrence. Search for infor-
mation on this and explain how it is computed for the case of two coupled two-level systems. Cite
your sources.

j) Calculate the concurrence for the state (5).

k) Another measure of entanglement is the entropy of formation, EF . In the case of two coupled
two-level systems it is related to the concurrence C by the formula

EF = −x lnx− (1− x) ln(1− x)

where
x =

1

2
(1 +

√
1− C2).

One nice feature of this as opposed to the concurrence is that it agrees with the entropy of entan-
glement for pure states. Calculate the entropy of formation for the state (5). Show that when γ = 0
it is equal to the entropy of entanglement as found in Problem 1d).

l) Plot EF as a function of time for some parameter values that you find give interesting results and
discuss what you learn.
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