
















































































































Midttermineksamen, FYS 4110, høsten 2010
Løsninger

————————————————————————-

OPPGAVE 1

a) Hamiltonoperatoren i {|ψL〉, |ψR〉} basis er

H =
(
E0 λ
λ E0

)
(1)

Egenverdiene E er bestemt av ligningen,∣∣∣∣E0 − E λ
λ E0 − E

∣∣∣∣ = 0 ⇒ (E − E0)2 − λ2 = 0 (2)

Løsninger

E±0 = E0 ± λ (3)

Egenvektorer på matriseform

ψ±0 =
(
α±0
β±0

)
, |α±0 |

2 + |β±0 |
2 = 1 (4)

Koeffisientene er bestemt av egenverdiligningen(
E0 λ
λ E0

)(
α±0
β±0

)
= E±0

(
α±0
β±0

)
⇒

(E0 − E±=)α±0 = −λβ±0
⇒

α±0 = ±β±0 =
1√
2

(5)

I braket-formulering

|ψ±0 〉 =
1√
2

(|ψL〉 ± |ψR〉) (6)

Egenvektorene er den symmetriske og antisymmetriske superposisjon av |ψL〉 og |ψR〉. Den anti-
symmetriske superposisjon har lavest energi. Kan forstås ved at den har lavere sannsynlighet for at
N -atomet befinner seg i potensialbarrieren hvor den potensielle energien er høyere.

b) Ny egenverdiligning∣∣∣∣E0 + ∆− E λ
λ E0 −∆− E

∣∣∣∣ = 0 ⇒ (E − E0)2 = λ2 + ∆2 (7)
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Løsninger

E± = E0 ±
√
λ2 + ∆2 (8)

c) Egenvektorer, matriseelementer

(E0 + ∆− E±)α± + λβ± = 0 ⇒
(∆∓

√
λ2 + ∆2)α± + λβ± = 0 (9)
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Normerte løsninger

α± =
1√

2
√
λ2 + ∆2

√√
λ2 + ∆2 ±∆

β± = ± 1√
2
√
λ2 + ∆2

√√
λ2 + ∆2 ∓∆ (10)
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Tilstander på braket-form

|ψ±〉 =
1√

2
√
λ2 + ∆2

(
√√

λ2 + ∆2 ±∆ |ψL〉 ±
√√

λ2 + ∆2 ∓∆ |ψR〉) (11)

Overlapp

|〈ψL|ψ±〉|2 =
1
2

(1± ∆√
λ2 + ∆2

) (12)

Avoided crossing: Når ∆ øker og passerer∆ = 0 vil energinivåene nærme seg hverandre men
unngår en direkte krysning ved en effektiv frastøtning mellom nivåene. Den minste avstanden er
bestemt av λ. Tilstandsvektorene til de to nivåene byttes om nær dette punktet slik at grunntilstanden
|ψ−〉 svarer til |ψL〉 for stor negativ ∆ og til |ψR〉 for stor positiv ∆.

d) Hamiltonoperator og tilstander i {|ψL〉, |ψR〉} basis,

Ĥ =
(
E0 + ∆ λ

λ E0 −∆

)
, ψ±0 =

1√
2

(
1
±1

)
(13)

Matriseelementer til Ĥ i |ψ±0 〉 basis

ψ±†0 Ĥψ±0 =
1
2

(1 ± 1)
(
E0 + ∆ λ

λ E0 −∆

)(
1
±1

)
= E0 ± λ

ψ±†0 Ĥψ∓0 =
1
2

(1 ± 1)
(
E0 + ∆ λ

λ E0 −∆

)(
1
∓1

)
= ∆ (14)

Det gir følgende matriseform for H i |ψ±〉 basis,

Ĥ =
(
E0 + λ ∆

∆ E0 − λ

)
= E01 + λσz + ∆σx (15)

og i det oscillerende elektriske felt, hvor ∆ = ∆0 cosωt, blir Hamiltonoperatoren

Ĥ = E01 + λσz + ∆0 cosωtσx (16)

e) I den roterende bølge-tilnærmelsen får H følgende form

Ĥ = E01 + λσz +
1
2

∆0(eiωtσ− + e−iωtσ+)

= E01 + λσz +
1
2

∆0(cosωtσx + sinωtσy) (17)

Den har samme form som Hamiltonoperatoren for et spinn-1/2-system i et konstant magnetfelt langs
z-aksen superponert med et roterende magnetfelt i xy-planet. I forelesningsnotatene er Hamiltonop-
eratoren

Ĥ =
1
2
ω0~σz +

1
2
ω1~(cosωtσx + sinωtσy) (18)

hvor ω0 er proporsjonal med styrken på det konstante feltet og ω1 er proporsjonal med styrken på det
roterende feltet. Sammenligningen av uttrykkene gir relasjonene

λ =
1
2
ω0~ , ∆0 = ω1~ (19)
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I det følgende benyttes disse identitetene. Hamiltonoperatoren (17) har også et konstantledd E01,
men dette er ikke av betydning for tidsutviklingen av systemet, siden den bare bidrar med en felles
fasefaktor for alle tilstandene. I det følgende settes E0 = 0.

Hamiltonoperatoren transformeres til tidsuavhengig form med den unitære, tidsavhengige trans-
formasjonen

T̂ (t) = e
i
2
ωtσz (20)

Den transformerte Ĥ blir

ĤT̂ = T̂ (t)ĤT̂ (t)† + i~
dT̂

dt
T̂ (t)

=
1
2

~Ω(cos θσz + sin θσx) (21)

hvor

Ω =
√

(ω − ω0)2 + ω2
1 =

1
~

√
(ω~− 2λ)2 + ∆2

0 (22)

er Rabifrekvensen og hvor θ er bestemt ved ligningene

cos θ =
ω0 − ω

Ω
=

2λ−∆0√
(ω~− 2λ)2 + ∆2

0

sin θ =
ω1

Ω
=

∆0√
(ω~− 2λ)2 + ∆2

0

(23)

Resonansfrekvensen er

ω0 = 2λ/~ (24)

Tidsutviklingsoperatoren i det transformerte bildet er

ÛT (t) = cos(
Ω
2
t)1− i sin(

Ω
2
t)(cos θσz + sin θσx) (25)

I Schrödingerbildet

Û(t) = e−
i
2
ωtσz ÛT (t) =

(
A B
C D

)
(26)

med matriseelementer

A = (cos(
Ω
2
t)− i cos θ sin(

Ω
2
t))e−

i
2
ωt

D = (cos(
Ω
2
t) + i cos θ sin(

Ω
2
t))e

i
2
ωt

B = −i sin θ sin(
Ω
2
t))e−

i
2
ωt

C = −i sin θ sin(
Ω
2
t))e

i
2
ωt (27)

(For detaljerte mellomregninger refereres til forelesningsnotatene.)
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f) Tilstander i |ψ±0 〉 basis,

|ψL〉 =
1√
2

(|ψ+
0 〉+ |ψ−0 〉) , |ψR〉 =

1√
2

(|ψ+
0 〉 − |ψ

−
0 〉) (28)

På matriseform

ψL =
1√
2

(
1
1

)
, ψR =

1√
2

(
1
−1

)
(29)

Overlapp

〈ψR|ψ(t)〉 = 〈ψR| Û(t)|ψL〉

=
1
2

(1 − 1)
(
A B
C D

)(
1
1

)
=

1
2

((A−D) + (B − C)) (30)

Innsatt for A,B,C,D,

〈ψR|ψ(t)〉 = −[sin θ sin(
Ω
2
t) sin(

ω

2
t) + i{cos(

Ω
2
t) sin(

ω

2
t) + cos θ sin(

Ω
2
t) cos(

ω

2
t)}] (31)
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g) Kvadrert uttrykk

|〈ψR|ψ(t)〉|2 = [sin θ sin(
Ω
2
t) sin(

ω

2
t)]2 + [cos(

Ω
2
t) sin(

ω

2
t) + cos θ sin(

Ω
2
t) cos(

ω

2
t)}]2

=
1
2

[1− cosωt+ cos2 θ(1− cos Ωt) cosωt+ cos θ sin Ωt sinωt] (32)

Plot av funksjonen |〈ψR|ψ(t)〉|2 med τ = 2πλt som tidskoordinat: De to figurene svarer til
ω = ω0 = 2λ/~ og ω = ω0/10 = λ/5~. I begge tilfeller er ω1 = ∆0/~ = 2λ/~ = ω0.
Kommentar:
Ved resonans er oscillasjonene rene sinus-oscillasjonere med sirkelfrekvens ω0. Det er det samme
som når det periodiske feltet er slått av. Det er lett å sjekke av uttrykkene ovenfor at det oscillerende
feltet ved resonans bare påvirker fasen til 〈ψR|ψ(t)〉. Ved ω = ω0/10 er svingningene modulert av
en langsommere oscillasjon som svarer omtrent til frekvensen ω. Den raskere frekvensen er også noe
påvirket av oscillasjonene til det elektriske feltet. Uttrykket ovenfor viser at funksjonen |〈ψR|ψ(t)〉|2
er en lineær kombinasjon av tre periodiske funsjoner med frekvenser ω, Ω− ω og Ω + ω.

OPPGAVE 2

a) Hamiltonoperator

Ĥ = ω(Ŝ1z + Ŝ2z) +
α

~
[(Ŝ1 + Ŝ2)2 − (Ŝ2

1 + Ŝ2
2)]

= ωŜz +
α

~
[Ŝ2 − 3

2
~2
1] (33)

Egenverdier og egenvektorer

Ĥ|s,m〉 =
(

(s(s+ 1)− 3
2

)α+mω

)
~ |s,m〉 (34)

for de aktuelle tilstandene

Ĥ|1, 1〉 = (
1
2
α+ ω)~ |1, 1〉

Ĥ|1, 0〉 =
1
2
α~ |1, 0〉

Ĥ|1,−1〉 = (
1
2
α− ω)~ |1, 1〉

Ĥ|1, 1〉 = −3
2
α~ |1, 1〉

(35)

b) Initialtilstand

ρ̂(0) = |ψ(0)〉〈ψ(0)|

=
1
2

(|+ +〉〈+ + | + |+−〉〈+− | + |+ +〉〈+− | + |+−〉〈+ + |) (36)
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Tilstanden er ren siden kan uttrykkes ved en enkelt tilstandsvektor. Den er ukorrelert siden den kan
skrives som en produktvektor,

|ψ(0)〉 =
1√
2
|+〉 ⊗ (|+〉+ |−〉) (37)

Det er derfor ingen klassisk korrelasjon eller kvantemekanisk sammenfiltring mellom delsystemene.
Redusert tetthetsoperator for spinn 1

ρ̂1(0) = Tr2 ρ̂(0) = |+〉〈+| = 1
2

(1 + σz)

⇒ r1 = k (38)

Redusert tetthetsoperator for spinn 2

ρ̂2(0) = Tr1 ρ̂(0)

=
1
2

(|+〉〈+| + |−〉〈−| + |+〉〈−| + |−〉〈+|)

=
1
2

(1 + σx)

⇒ r2 = i (39)

c) Initialtilstand

|ψ(0)〉 =
1√
2

(|+ +〉+
1
2

(|+−〉+ | −+〉) +
1
2

(|+−〉 − | −+〉))

=
1√
2

(|1, 1〉+
1
2
|1, 0〉+

1
2
|0, 0〉) (40)

Tidsutvikling

|ψ(t)〉 =
1√
2

(e−i(
1
2
α+ω)t |1, 1〉+

1
2
e−i

1
2
αt |+−〉+

1
2
ei

3
2
αt |0, 0〉)

=
1√
2

(e−i(
1
2
α+ω)t |+ +〉+

1
2

(e−i
1
2
αt + ei

3
2
αt) |+−〉+

1
2

(e−i
1
2
αt − ei

3
2
αt) | −+〉)

=
1√
2

(e−i(
1
2
α+ω)t |+ +〉+ ei

1
2
αt cosαt |+−〉 − iei

1
2
αt sinαt | −+〉)

≡ A |+ +〉+B |+−〉+ C | −+〉) (41)

Tetthetsoperator

ρ̂(t) = |A|2 |+ +〉〈+ + |+ |B|2 |+−〉〈+− |+ |C|2 | −+〉〈−+ |
+AB∗ |+ +〉〈+− |+A∗B |+−〉〈+ + |
+AC∗ |+ +〉〈−+ |+A∗C | −+〉〈+ + |
+BC∗ |+−〉〈−+ |+B∗C | −+〉〈+− | (42)

Koeffisienter

|A|2 =
1
2
, |B|2 =

1
2

cos2 αt , |C|2 =
1
2

sin2 αt

AB∗ =
1
2
e−i(α+ω)t cosαt , A∗B =

1
2
ei(α+ω)t cosαt

AC∗ =
i

2
e−i(α+ω)t sinαt , A∗C = − i

2
ei(α+ω)t sinαt

BC∗ =
i

4
sin 2αt , B∗C = − i

4
sin 2αt (43)
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d) Redusert tetthetsoperator for spinn 1

ρ̂1(t) = (|A|2 + |B|2) |+〉〈+|+ |C|2 |−〉〈−|+AC∗ |+〉〈−|+A∗C |−〉〈+|

=
1
2

(1 + cos2 αt) |+〉〈+|+ 1
2

sin2 αt |−〉〈−|

+
i

2
e−i(α+ω)t sinαt |+〉〈−| − i

2
ei(α+ω)t sinα |−〉〈+| (44)

Benytter

|±〉〈±| = 1
2

(1± σz) , |±〉〈∓| = 1
2

(σx ± iσy) (45)

Det gir

ρ̂1(t) =
1
2

(1 + cos2 αt σz + sin[(α+ ω)t] sinαt σx − cos[(α+ ω)t] sinαt σy (46)

og

r1(t) = sinαt{sin[(α+ ω)t]i− cos[(α+ ω)t]j}+ cos2 αtk (47)

Når ω >> α presseserer vektoren raskt rundt z-aksen, mens vinkelen mellom vektoren og z-aksen
gjennomfører en mer langsom periodisk variasjon.

1 2 3 4 5 6

0.1

0.2

0.3

αt

S(t)

e) Tetthetsoperatoren ρ̂1 = 1
2(1 + r1 · σ) har egenverdier

p± =
1
2

(1± r1) (48)

Sammenfiltringsentropien

S = −
[

1 + r1
2

log
1 + r1

2
+

1− r1
2

log
1− r1

2

]
(49)

Tidsavhengighet til r1,

r1 = [cos4 αt+ sin2 αt]1/2 = [1− 1
4

sin2 2αt]1/2 (50)
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Lign. (49) og (50) benyttes til å plotte tidsavhengigheten til S(t). Basis-2 logaritme brukes.
Spinn 1 har maksimal blanding når r1 er minst. Det svarer til størst sammenfiltringsentropi. Den

størst mulige verdien for S svarer til r1 = 0, som gir Stotmax = log 2 = 1.0. Den maksimale verdi
under tidsutviklingen oppnås når sin2 2αt = 1, som gir r1 =

√
3/2. Den tilsvarende sammenfil-

tringsentropien er Smax = 2− (
√

3/2) log[2 +
√

3] = 0.35.
f) Heisenbergs ligning for det totale spinn er

d

dt
Ŝ = ω k× Ŝ (51)

Forventningsverdien er 〈
Ŝ
〉

=
〈
Ŝ1

〉
+
〈
Ŝ2

〉
=

~
2

(r1 + r2) =
~
2
r (52)

Det gir bevegelsesligning

dr
dt

= ω k× r (53)

Vektoren r presseserer om z-aksen med sirkelfrekvens ω. Ved t = 0 er vinkelen mellom r og z-aksen
45o. Denne vinkelen er konstant under bevegelsen.
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Midterm Exam FYS4110, 2016
Solutions

Problem 1

a) The expectation values P1, P2 and P12 determine the probabilities of detecting photons with the
given polarization, respectively at detector 1, detector 2 and at both detectors. This implies the fol-
lowing correspondences, n1

N ≈ P1 for large N , similarly n2
N ≈ P2 and n12

N ≈ P12.

b) Density operator, two-photon system

ρ̂ = |ψ〉〈ψ| = 1

2
(|HV 〉〈HV |+ |V H〉〈V H|+ eiχ|V H〉〈HV |+ e−iχ|HV 〉〈V H|) (1)

Reduced density operators

ρ̂1 = Tr2ρ̂ = 〈H2|ρ̂|H2〉+ 〈V2|ρ̂|V2〉 =
1

2
(|H〉〈H|+ |V 〉〈V |)1 =

1

2
11

ρ̂2 = Tr1ρ̂ = 〈H1|ρ̂|H1〉+ 〈V1|ρ̂|V1〉 =
1

2
(|H〉〈H|+ |V 〉〈V |)2 =

1

2
12 (2)

Both reduced density operators have maximum von Neuman entropy S1/2 = −Trρ̂1/2 log ρ̂1/2 =
log 2. Since the two-photon system is in a pure state, S1/2 is equal to the entanglement entropy, which
gives the measure of the degree of entanglement between the two photons. Thus, the photon pairs
have maximum entanglement for all values of the phase angle χ.

c) Since the reduced density operators are independent of χ, the results for P1 and P2 are the same in
the three cases,

P1(θ1) = Tr(ρ̂P̂1(θ1)) = Tr1(ρ̂1P̂1(θ1)) =
1

2
Tr P̂1(θ1) =

1

2
〈θ1|θ1〉 =

1

2

P2(θ2) = Tr(ρ̂P̂2(θ2)) = Tr2(ρ̂2P̂2(θ2)) =
1

2
Tr P̂2(θ2) =

1

2
〈θ2|θ2〉 =

1

2
(3)

The probabilities P1 and P2 are independent of the polarization angles.

The joint probability is given by

P12(θ1, θ2) = Tr(ρ̂|θ1θ2〉〈θ1θ2|) = |〈ψ|θ1θ2〉|2 , |θ1θ2〉 = |θ1〉 ⊗ |θ2〉 (4)

case I: χ = π

|ψI〉 =
1√
2

(|HV 〉 − |V H〉)

⇒ 〈ψI |θ1θ2〉 =
1√
2

(cos(θ1) sin(θ2)− sin(θ1) cos(θ2))

= − 1√
2

sin(θ1 − θ2)

⇒ P12(θ1, θ2) =
1

2
sin2(θ1 − θ2) (5)
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case II: χ = 0

|ψII〉 =
1√
2

(|HV 〉+ |V H〉)

⇒ 〈ψII |θ1θ2〉 =
1√
2

(cos(θ1) sin(θ2) + sin(θ1) cos(θ2))

= − 1√
2

sin(θ1 + θ2)

⇒ P12(θ1, θ2) =
1

2
sin2(θ1 + θ2) (6)

case III: χ = π/2

|ψIII〉 =
1√
2

(|HV 〉+ i|V H〉)

⇒ 〈ψIII |θ1θ2〉 =
1√
2

(cos(θ1) sin(θ2) + i sin(θ1) cos(θ2))

⇒ P12(θ1, θ2) =
1

2
(cos2(θ1) sin2(θ2) + sin2(θ1) cos2(θ2))

=
1

4
(sin2(θ1 − θ2) + sin2(θ1 + θ2)) (7)

d) The result (7) is the same as half the sum of the corresponding results for the cases I and II. This
means that the expression for P12 in case III is the same as for the density operator

ρ̂′III =
1

2
(ρ̂I + ρ̂II) =

1

2
(|ψI〉〈ψI |+ |ψII〉〈ψII |) =

1

2
(|H〉〈H| ⊗ |V 〉〈V |+ |V 〉〈V | ⊗ |H〉〈H|) (8)

which is a separable (unentangled) state.
e) Define the function

F (θ) = F (0, θ, 2θ) = P12(θ, 2θ)− |P12(0, θ)− P12(0, 2θ)| (9)

This function should be non-negative if Bell’s inequality is satisfied. Three plots are shown of this
function, corresponding to the three cases I, I, III. In case I and II the curves do not satisfy the inequal-
ity, in accordance with the expectation that when the two-photon state is entangled Bell’s inequality is
nor respected. In case III the function is non-negative, which means that the Bell inequality is unbro-
ken. This can be understood as due to the fact that the same expression for F (θ) can be found for a
separable (unentangled) two-photon state. Since also in case III the state is maximally entangled, the
Bell inequality studied here can not be sufficient general to register entanglement for all values of χ.
f) Results with detector 2 projecting on the new polarization states with φ = ±π/4.
The two-photon polarization state corresponds to case III (χ = π/2).

Polarization state of the two projectors,

|θ1θφ2〉 = cos θ1 sin θ2e
−iφ|HV 〉+ sin θ1 cos θ2e

iφ|V H〉+ (terms |HH〉, |V V 〉) (10)

The joint probability is now

P12(θ1, θ2) = |〈ψIII |θ1θφ2〉|2

=

∣∣∣∣ 1√
2

(e−iφ cos θ1 sin θ2 − ieiφ sin θ1 cos θ)

∣∣∣∣2
=

1

4

(
(1 + sin 2φ) sin2(θ1 + θ2) + (1− sin 2φ) sin2(θ1 − θ2)

)
(11)
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Problem1e) 

Case I:  χ=π

Case II:  χ=0

Case III:  χ=π/2

Bell’s inequality: Plots of F(0,θ,2θ)
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Case A:

φ = π/4⇒ sin 2φ = 1⇒ P12 =
1

2
sin2(θ1 + θ2) (12)

Case B:

φ = −π/4⇒ sin 2φ = −1⇒ P12 =
1

2
sin2(θ1 − θ2) (13)

We note that P12(θ1, θ2) in case A is the the same function of θ1 and θ2 as earlier found in case I
(Eq. (5)). Similarly P12(θ1, θ2) in case B is the the same function as earlier found in case II (Eq. (6)).
In both cases Bell’s inequality is broken, and similarly this will be true in cases A and B. Consequently
breaking of Bell’s inequality is found also for the state |ψIII〉, but only if one of the detectors register
non-linear photon polarization.

2 Atom-photon interactions in a microcavity
a) Action of Ĥ on the basis states

Ĥ|g, 1〉 = (
1

2
~ω − iγ~)|g, 1〉+

1

2
λ|e, 0〉

Ĥ|e, 0〉 =
1

2
~ω|e, 0〉+

1

2
λ|g, 1〉

Ĥ|g, 0〉 = −1

2
~ω|g, 0〉 (14)

The ground state |g, 0〉 is disconnected from the other states and can be disregarded. Extracting the
matrix elements of Ĥ from (14) we find that the Hamiltonian, restricted to the subspace spanned by
the vectors |g, 1〉 and |e, 0〉, takes the matrix form

H =
1

2
~(ω − iγ)1 +

1

2
~
(
iγ λ
λ −iγ

)
(15)

b) The time evolution operator is

Û(t) = e−
i
~ Ĥt = e−

i
2

(ω−iγ)te−iΩ·σt (16)

with Ω = 1
2(λi + iγk). The second term can be expanded in powers of the Pauli matrix σ ·Ω/Ω,

e−iΩ·σt = (1− 1

2
Ω2t2 +

1

4!
Ω4t4...)1

−iω
Ω
· σ(Ωt− 1

3!
Ω3t3 + ...)

= cos(Ωt)1− iΩ
Ω
· σ sin(Ωt) (17)

where we have exploited the property of Pauli matrices that even powers are proportional to the iden-
tity and odd order are proportional to the Pauli matrix. From this follows the result

Û(t) = e−
i
2

(ω−iγ)t(cos(Ωt)1− i sin(Ωt)
Ω

Ω
· σ) (18)

Ω = 1
2(λi + iγk) gives Ω2 = 1

4(λ2 − γ2) and Ω = 1
2

√
λ2 − γ2, which is real and positive when

λ > γ.
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c) In matrix form the time dependent wave function is

ψ(t) = Û(t)ψ(0)

= e−
1
2

(iω+γ)t

(
cos Ωt+ γ

2Ω sin Ωt −i λ2Ω sin Ωt

−i λ2Ω sin Ωt cos Ωt+ γ
2Ω sin Ωt

)(
1
0

)

= e−
1
2

(iω+γ)t

(
cos Ωt+ γ

2Ω sin Ωt

−i λ2Ω sin Ωt

)
(19)

In bra-ket form this gives

|ψ(t)〉 = e−
1
2

(iω+γ)t

(
(cos Ωt+

γ

2Ω
sin Ωt)|e, 0〉 − i λ

2Ω
sin Ωt|g, 1〉

)
(20)

d) Assuming Tr ρ̂cav = 1 we find

f(t) = 1− Tr ρ̂(t)

= 1− 〈ψ(t)|ψ(t)〉

= 1− e−γt
(
λ2

4Ω2
− γ2

4Ω2
cos(2Ωt) +

γ

2Ω
sin(2Ωt)

)
(21)

When the photon escapes through the walls, the system inside the cavity ends up in the state |g, 0〉.
The term added to the density matrix ρ̂ takes care of this in such a way that the sum of the probabilities
for the atom to be in one of the states |e〉 and |g〉 is constant, equal to 1.

e) Occupation probabilities for the atom; the excited state

pe(t) = 〈e, 0|ρ̂tot(t)|e, 0〉
= 〈e, 0|ρ̂(t)|e, 0〉
= |〈ψ(t)|e, 0〉|2

= e−γt(cos Ωt+
γ

2Ω
sin Ωt)2

= e−γt(
λ2

8Ω2
+
λ2 − 2γ2

8Ω2
cos(2Ωt) +

γ

2Ω
sin(2Ωt) (22)

and the ground state

pg(t) = 1− pe(t) (23)

The probability for one photon being present in the cavity is

pph(t) = 〈g, 1|ρ̂(t)|g, 1〉
= |〈ψ(t)|g, 1〉|2

=
λ2

8Ω2
e−γt(1− cos(2Ωt)) (24)

f) Eigenvalues of ρ̂cav(t),

ρ̂cav(t) = |ψ(t)〉〈ψ(t)|+ f(t)|g, 0〉〈g, 0|
= 〈ψ(t)|ψ(t)〉|ψ̃(t)〉〈ψ̃(t)|+ f(t)|g, 0〉〈g, 0|
= (1− f(t))|ψ̃(t)〉〈ψ̃(t)|+ f(t)|g, 0〉〈g, 0| (25)
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where |ψ̃(t)〉 is normalized to 1. Since this state is orthogonal to the normalized state |g, 0〉, the
above expression gives the spectral decomposition of ρ̂cav, with eigenvalues f(t) and 1 − f(t). The
corresponding von Neuman entropy is

S = −f log f − (1− f) log(1− f) (26)

with f given by (21). With the cavity system viewed as a part of a larger system in a pure state, which
includes also the photon states of the escaped photon, the above expression for S can be identified as
the entanglement entropy of the larger, composite system.
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FYS 4110/9110 Modern Quantum Mechanics
Midterm Exam, Fall Semester 2020. Solution

Problem 1: Bloch sphere for three-level system

a) Hermitian matrices have real diagonal elements and the lower triangular elements are determined
by the upper triangular ones, and are in general complex. This means that we need n2 real param-
eters to specify a Hermitian n× n matrix. The traceless condition reduces this by one, so that the
number of λi-matrices is n2 − 1.

b) We use the fact that for pure states is Tr ρ2 = 1. We have

Tr ρ2 =
1

n2
Tr(1 + 2αmiλi + α2mimjλiλj) =

1

n2
(n+ 2α2|m|) = 1

If we set |m| = 1, we get that

α =

√
n(n− 1)

2
.

c) For n-level systems, the general pure state is |ψ〉 =
∑n

i=1 ci|i〉, which means that we have n
complex coefficients, or 2n real coefficients. Normalization reduces the number by one, and the
global phase by one, so we have that the space of pure states is 2(n− 1) dimensional.

d) We have shown that with proper choice of α the pure states have |m| = 1, so they are on the
surface of the Bloch sphere. The surface of the Bloch sphere in a space of n2 − 1 dimensions
is n2 − 2 dimensional. But the space of pure states is 2(n − 1) dimensional, and for n > 2 is
n2 − 2 > 2(n − 1), so the pure states do not cover the whole surface. This means that there are
many points on the surface of the Bloch sphere that does not represent any physical quantum state.

e)

ρ =
1

3

[
1 +
√

3(m1λ1 +m8λ8)
]

=


1
3(1 +m8)

1√
3
m1 0

1√
3
m1

1
3(1 +m8) 0

0 0 1
3(1− 2m8)

 .

The eigenvalues are found from∣∣∣∣∣∣∣
1
3(1 +m8)− λ 1√

3
m1 0

1√
3
m1

1
3(1 +m8)− λ 0

0 0 1
3(1− 2m8)− λ

∣∣∣∣∣∣∣ =

[
1

3
(1− 2m8)− λ

]{[
1

3
(1 +m8)− λ

]2
− 1

3
m2

1

}
= 0.

This gives three possible solutions

λ0 =
1

3
(1− 2m8)

λ± =
1

3
(1 +m8)±

1√
3
m1

1



f)
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g) The entropy is given by

S = −λ0 log λ0 − λ+ log λ+ − λ− log λ−
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We can see from the plot that the entropy depends on the direction as well as the length of the
Bloch vector.
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Problem 2: Entanglement transformations using local operations and classical commu-
nication

a) If both A and B are 2-level systems, the vectors α and β have both only two elements. We also
know that for the state to be normalized we have α1 + α2 = β1 + β2 = 1. This means that there
is only one nontrivial inequality to be considered in the majorization condition [Eq. (1) of the
problem set], namely the one for k = 1. If α1 ≤ β1 we have that α ≺ β and then |ψ〉 → |φ〉. If
β1 ≤ α1 we have that β ≺ α and or |φ〉 → |ψ〉. If α1 = β1 both transformations are possible.

b) The state that is majorized by all other states must have the smallest possible α1. Since the Schmidt
coefficients are assumed to be in decreasing order, this means that α1 = 1

2 . Any state with this
property is majorized by all other states, and consequently can be converted to all other states by
LOCC. As an example, we can use one of our familiar Bell states

|ψ〉 =
1√
2

(|01〉 − |10〉).

c) We apply the unitary transformation σz to system A. It has the action

σz|0〉 = |0〉, σz|1〉 = −|1〉

on the basis states. This gives exactly the specified transformation on the given total state for A
and B. No measurements are required, and no classical information has to be transferred.

d) From the given matrix for Uθ we can read the action of the operator on the basis states

Uθ|00〉 = cos θ|00〉 − sin θ|10〉
Uθ|01〉 = cos θ|01〉+ sin θ|10〉
Uθ|10〉 = sin θ|00〉+ cos θ|10〉
Uθ|11〉 = − sin θ|01〉+ cos θ|11〉

Then we get

Uθ|ψ〉1 ⊗ |χ〉2 =
1√
2

[(cosφ cos θ + sinφ sin θ)|00〉+ (cosφ cos θ − sinφ sin θ)|01〉

+(− cosφ sin θ + sinφ cos θ)|10〉+ (cosφ sin θ + sinφ cos θ)|11〉]

=
1√
2

[cos(φ− θ)|00〉+ cos(φ+ θ)|01〉+ sin(φ− θ)|10〉+ sin(φ+ θ)|11〉]

If we measure the second particle, the state of the first particle would be (if we normalize the states)

Measurement outcome 0: |ψ〉1 = cos(φ− θ)|0〉+ sin(φ− θ)|1〉
Measurement outcome 1: |ψ〉1 = cos(φ+ θ)|0〉+ sin(φ+ θ)|1〉
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e) An interaction Hamiltonian of the form H = −h̄ωσy ⊗σz gives the time evolution e−
i
h̄
Ht = Uωt.

This mans that the Bloch vector of the first particle will rotate around the y-axis with a direction
depedent on the state of the second particle. Since the second particle is in a superposition of the
two states, both rotations take place at the same time. When measuring the state of the second
particle, the wavefunction collapses, and the corresponding rotation is the only one that is realized.

f) We write the qubits in the order from top to bottom (as indicated by the numbers on the left). Note
that we have to be careful when applying the Uθ as it is stated that the lower line should correspond
to the first qubit, which is opposite to what we write here. We know that

ei
π
2
σy = cos

π

2
1 + i sin

π

2
σy = iσy =

(
0 1
−1 0

)
.

That is, it exchanges the |0〉 and |1〉 states with a change of sign in one case. We then get

|000〉 H1⊗H3→ 1

2
(|0〉+ |1〉)|0〉(|0〉+ |1〉)

CNOT→ 1

2
(|00〉+ |11〉)(|0〉+ |1〉)

ei
π
2 σy→ 1

2
(|01〉 − |10〉)(|0〉+ |1〉)

Uθ→ 1

2
[|0〉 (cos θ|10〉+ sin θ|11〉 − sin θ|10〉+ cos θ|11〉)− |1〉 (cos θ|00〉 − sin θ|01〉+ sin θ|00〉+ cos θ|01〉)]

=
1

2
[(cos θ − sin θ)|01〉 − (cos θ + sin θ)|10〉] |0〉+

1

2
[(cos θ + sin θ)|01〉 − (cos θ − sin θ)|10〉] |1〉

We now measure the third qubit and get the state of the first two qubits

Measurement outcome 0:
1√
2

[(cos θ − sin θ)|01〉 − (cos θ + sin θ)|10〉]

Measurement outcome 1:
1√
2

[(cos θ + sin θ)|01〉 − (cos θ − sin θ)|10〉]

where we have normalized the states. We are told that V0 = W0 = 1 which means that if the
measurement gives 0 we do nothing to any of the first two qubits. To get the same state also if
the measurement gives 1, we have to swich the two terms, which we gan achieve by applying
V1 = W1 = σx.

g) To determine the probabilities of the two outcomes, we need the reduced density matrix of qubit
3. We can rewrite the final state as

|ψ〉 =
1

2
|01〉 [(cos θ − sin θ)|0〉+ (cos θ + sin θ)|1〉]−1

2
|10〉 [(cos θ + sin θ)|0〉+ (cos θ − sin θ)|1〉]

Then we find that

4



ρ3 = Tr12ρ = Tr12|ψ〉〈ψ|

=
1

4

[
(cos θ − sin θ)2|0〉〈0|+ (cos2 θ − sin2 θ)(|0〉〈1|+ |1〉〈0|) + (cos θ + sin θ)2|1〉〈1|

]
=

1

4

[
(cos θ + sin θ)2|0〉〈0|+ (cos2 θ − sin2 θ)(|0〉〈1|+ |1〉〈0|) + (cos θ − sin θ)2|1〉〈1|

]
=

1

2
(|0〉〈0|+ cos 2θ(|0〉〈1|+ |1〉〈0|) + |1〉〈1|)

The probabilities for the outcames are

P0 = Tr(ρ3|0〉〈0|) =
1

2

P1 = Tr(ρ3|1〉〈1|) =
1

2
.

h) The Hadamard gate on the first qubit prepares a superposition of the basis states. The CNOT
entangles this with the second qubit. The ei

π
2
σy flips the second qubit. Together, these three gates

prepares the initial state 1√
2
(ket01− |10〉) that is to be transformed. CNOT is the only gate that is

nonlocal in qubits 1 and 2, and they would have to be close enough to intract at that point. Later
they are separated, so that qubit 1 is with observer A and qubit 2 with observer B. To execute the
transformation, we will measure qubit 2, but only non-projectively. This we do by entangling it
with qubit 3 (which we consider to be close to qubit 2, with observer B) in the Uθ-gate and then
measuring qubit 3. The outcome of this measurement is used to determine the action Vi on qubit
2 and is sent via classical communication to A to inform about which local unitary Wi should be
applied.

i) A proof can be found in M. Nielsen and G. Vidal, Quantum Information and Computation, 1,
76 (2001). All proofs that I have seen use, like that one, some more general theorem that requires
some non-trivial mathematical tools. I have never seen a simple direct proof, but it probably can be
found in the literature. The following argument is direct and should make it clear that the entropy
can never increase using LOCC.

First, we know that any LOCC process leads to a state with a vector β of squared Schmidt co-
efficients that majorizes the vector α corresponding to the original state. We also know that the
entanglement entropy is given in terms of the vector α = (α1, · · · , αn) by

S(α) = −
∑
i

αi lnαi.

We need therefore to prove that if α ≺ β then S(α) ≥ S(β). If we consider the function −x lnx
it has a derivative that is monotonously decreasing. This means that if we increase one of the αi
while decreasing a smaller α by the same amount (remember that

∑
i αi = 1), keeping the rest

fixed, the entropy decreases. we need a way to change from α to β so that we always increase a
larger αi and decrease a smaller. Start by incresing α1 and decreasing αn until one of the partial
sums

∑k
i=1 αi =

∑k
i=1 βi. If k = 1 or k = n − 1, we know that α1 = β1 or αn = βn, and

we repeat the procedure for the remaining αi. If the partial sums agree at some intermediate k,
we split the vectors at that point, and repeat the procedure for each part independently. We can
continue this until αi = βi for all i.
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j) Both the states are already in Schmidt decomposed form, so we read directly that

α1 =
1

2
, α2 =

2

5
, α3 =

1

10

β1 =
3

5
, β2 =

1

5
, β3 =

1

5

From this we find the sums
n 1 2 3∑n
i=1 αi 0.5 0.9 1∑n
i=1 βi 0.6 0.8 1

From this we see that we do not have α ≺ β or β ≺ α and therefore neither |ψ〉 → |φ〉 nor
|φ〉 → |ψ〉.

k) One problem with classifying different types of entanglement by whether they are convertible
using LOCC or not is the fact that states that are very close to each other may be classified as
having completely different type of entanglement. One example is given in Martin B. Plenio
and S. Virmani, An introduction to entanglement measures, Quant.Inf.Comput. 7, 1 (2007). The
initial state (|00〉 + |11〉)/sqrt2 can be transformed by LOCC to 0.8|00〉 + 0.6|11〉 but not to
(0.8|00〉 + 0.6|11〉 + ε|22〉)/

√
1 + ε2 even if the two final states are arbitrary close for small ε.

Classification of states according to LOCC transformation does not capture the fact that these
states are close. Different modifications have been proposed, where one studies the number of
states of one type are needed to get one state of another type, or allows the process to succeed only
with a certain probability, see the paper cited above or R. Horodecki et al., Rev. Mod. Phys. 81,
865 (2009).

l) Since the states already are in Schmidt form, we read directly the vectors α (corresponding to |ψ1〉)
and β (corresponding to |ψ2〉).

α1 = 0.4, α2 = 0.4, α3 = 0.1, α4 = 0.1

β1 = 0.5, β2 = 0.25, β3 = 0.25, β4 = 0

From this we find the sums
n 1 2 3 4∑n
i=1 αi 0.4 0.8 0.9 1∑n
i=1 βi 0.5 0.75 1 1

From this we see that we do not have α ≺ β or β ≺ α and therefore neither |ψ1〉 → |ψ2〉 nor
|ψ2〉 → |ψ1〉.

m) We have in total 4 systems, two at A and two at B. A basis for the states of the two systems at A is

|ij〉A = |i〉A ⊗ |j〉A
where i = 1 . . . 4 and j = 5, 6. The systems at B has a similar basis, and we can then write

|ψ1〉|φ〉 =
√

0.24|15〉A ⊗ |15〉B +
√

0.24|25〉A ⊗ |25〉B +
√

0.06|35〉A ⊗ |35〉B +
√

0.06|45〉A ⊗ |45〉B
+
√

0.16|16〉A ⊗ |16〉B +
√

0.16|26〉A ⊗ |26〉B +
√

0.04|36〉A ⊗ |36〉B +
√

0.04|46〉A ⊗ |46〉B.

6



This is in Schmidt form, and sorting we get the coefficients

α1 = 0.24, α2 = 0.24, α3 = 0.16, α4 = 0.16,

α5 = 0.06, α6 = 0.06, α7 = 0.04, α8 = 0.04.

Similarly we have

|ψ2〉|φ〉 =
√

0.3|15〉A ⊗ |15〉B +
√

0.15|25〉A ⊗ |25〉B +
√

0.15|35〉A ⊗ |35〉B
+
√

0.2|16〉A ⊗ |16〉B +
√

0.1|26〉A ⊗ |26〉B +
√

0.1|36〉A ⊗ |36〉B

β1 = 0.3, β2 = 0.2, β3 = 0.15, β4 = 0.15,

β5 = 0.1, β6 = 0.1, β7 = 0, β8 = 0.

From this we find the sums

n 1 2 3 4 5 6 7 8∑n
i=1 αi 0.24 0.48 0.64 0.8 0.86 0.92 0.96 1∑n
i=1 βi 0.3 0.5 0.65 0.8 0.9 1 1 1

We see that α ≺ β which means that |ψ1〉|φ〉 → |ψ2〉|φ〉.
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FYS 4110/9110 Modern Quantum Mechanics
Midterm Exam, Fall Semester 2021. Solution

Problem 1: Superradiance

a) From the lecture notes we have

A(r) =
∑
ka

√
~

2V ω0ε0

[
âkae

ikr + â†kae
−ikr

]
εka.

Restricted to the {|0〉, |1〉} subspace we can write

p = 〈0|p|1〉|0〉〈1|+ 〈1|p|0〉|1〉〈0| = 〈0|p|1〉σ− + 〈1|p|0〉σ+

When calculating transition rates, there will appear a δ-function ensuring energy conservation.
This means that terms of the form âσ− or â†σ+ never will contribute. We choose the position of
the atom to be r = 0 and in the dipole approximation it means that e−ikr ≈ 1 and we get

Hint = −
e

m

∑
ka

√
~

2V ω0ε0

[
âkaσ

+ + â†kaσ
−
]
〈0|p|1〉 · εka =

∑
ka

gka(âkaσ
+ + â†kaσ

−)

with

gka = −
e

m

√
~

2V ω0ε0
〈0|p|1〉 · εka

The relative phase of |0〉 and |1〉 can always be choosen so that 〈1|p|0〉 = 〈0|p|1〉 is real.

b) The rate of spontaneous emission is

w1 =
∑
ka

2π

~
|〈0, 1ka|Hint|1, 0〉|2δ(E0 + ~ωk − E1)

where E0 and E1 are the energies of |0〉 and |1〉 and |1, 0〉 refers to the atom in state |1〉 and field
in vacuum state. As in the lecture notes, eq (4.101) we get

w1 =
e2ω

3πc3~m2ε0
|〈0|p|1〉|2

where ~ω = E1 − E0. To compare with (4.101) recall (4.80): 〈0|p|1〉 = imω〈0|r|1〉.

c) As indicated in the problem, we write |10〉 = 1√
2
(|ψ+〉+ |ψ−〉) with |ψ±〉 1√

2
(|10〉 ± |01〉). The

state |ψ−〉 is an eigenstate of the Hamiltonian (both the Hamiltonian of the atom, and the inter-
action) and this part of the initial state will not decay. The remaining |ψ+〉 has a nonzero matrix
element 〈00|D−|ψ+〉 and will decay to the ground state |00〉.

d) There is a probability 1
2 to be in the state |ψ−〉 and therefore not decay. Otherwise, one photon is

emitted. On average, 1
2 photon is emitted for each repetition of the experiment.
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e) We have

(D−)J−M |11 · · · 1〉 ∼ | 00 · · · 0︸ ︷︷ ︸
J−M

11 · · · 1︸ ︷︷ ︸
J+M

〉+All permutations with J+M atoms in |1〉 and J-M atoms in |0〉

Therefore 〈JM |JM ′〉 = 0 if M 6= M ′ since the number of excited atoms are different. To check
normalization we note that there are

(
N

J−M
)
= N !

(J−M)!(J+M)! different terms in (D−)J−M |11 · · · 1〉.
But the operator generates each term seveal times. For a given set of J−M atoms to be de-excited,
the order in which they are de-excited does not matter, which means that

|JM〉 = A(D−)J−M |11 · · · 1〉 = A(J −M)!(| 00 · · · 0︸ ︷︷ ︸
J−M

11 · · · 1︸ ︷︷ ︸
J+M

〉+ permutations)

where A is the normalization to be determined. We then have

〈JM |JM〉 = |A|2[(J−M)!]2(〈00 · · · 011 · · · 1|+permutations)(|00 · · · 011 · · · 1〉+permutations).

Each permutation has inner product 1 with itself and 0 with all other permutations, so

〈JM |JM〉 = |A|2[(J −M)!]2
N !

(J −M)!(J +M)!
.

Requiring 〈JM |JM〉 = 1 gives

A =

√
(J +M)!

N !(J −M)!
.

f) The decay rate from the state |JM〉 is

wJM =
∑
ka

2π

~
|〈J,M − 1, 1ka|Hint|JM, 0〉|2δ(EJ,M−1 + ~ωk − EJM ).

The difference from the one atom case is that 〈0|σ−|1〉 is replaced by

〈J,M−1|D−|JM〉 =

√
(J +M)!

N !(J −M)!
〈J,M−1|(D−)J−M+1|11 · · · 1〉 =

√
(J +M)(J −M + 1)

where we used that

(D−)J−M+1|11 · · · 1〉 =

√
N !(J −M + 1)!

(J +M − 1)!
|J,M − 1〉.

This gives
wJM = (J +M)(J −M + 1)w1.
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g) The decy rate is maximal for M = 0 and M = 1.

wJ0 =WJ1 = J(J + 1)w1 =
N

2
(
N

2
+ 1)w1 ≈

N2

4
w1.

One atom emits a photon at the rate w1, so N independent atoms will emit at the rate Nω1. For
N � 1 we see that wJ0 � Nw1 so the emission rate is much larger than for N independent
atoms.

h)

|〈J,M−1|D−|JM〉|2 = 〈JM |D+|J,M−1〉〈J,M−1|D−|JM〉 = 〈JM |D+
∑
M ′

|JM ′〉〈JM ′|D−|JM〉

since 〈JM ′|D−|JM〉 = 0 for all M ′ 6= M − 1. Since the states |JM〉 constitute a complete set,
the sum of projectors is the identity and we get

|〈J,M − 1|D−|JM〉|2 = 〈JM |D+D−|JM〉.

i) If |a1 · · · aN 〉 with ak = 0 or 1 is some state, we have

σ+i σ
−
i |a1 · · · aN 〉 = ai|a1 · · · aN 〉.

This means that if ak = 0 for J −M atoms and ak = 1 for J +M atoms∑
i

σ+i σ
−
i |a1 · · · aN 〉 = (J +M)|a1 · · · aN 〉.

This applies to all permutations and depends only on the number of excited atoms, so
∑

i σ
+
i σ
−
i |JM〉 =

(J +M)|JM〉, which menas that

〈JM |
∑
i

σ+i σ
−
i |JM〉 = J +M.

j) We have

〈JM |D+D−|JM〉 = 〈JM |
∑
ij

σ+i σ
−
j |JM〉 = 〈JM |

∑
i

σ+i σ
−
i |JM〉+ 〈JM |

∑
i 6=j

σ+i σ
−
j |JM〉.

Due to the permutation symmetry of the state, the last sum consists of N(N − 1) identical terms.
From f) and h) we have that

〈JM |D+D−|JM〉 = |〈J,M − 1|D−|JM〉|2 = (J +M)(J −M + 1)

which gives

〈JM |σ+i σ
−
j |JM〉 =

J2 −M2

N(N − 1)
.
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k) We have

σ+i σ
−
j =

1

4
(σix + iσiy)(σ

j
x − iσjy) =

1

4
(σixσ

j
x + σiyσ

j
y − iσixσjy + iσiyσ

j
x).

From the permutation symmetry of |JM〉 we get

〈JM |σixσjy|JM〉 = 〈JM |σiyσjx|JM〉.

There is also symmetry with respect to x and y, so

〈JM |σixσjx|JM〉 = 〈JM |σiyσjy|JM〉

which means that

〈JM |σixσjx|JM〉 = 2〈JM |σ+i σ
−
j |JM〉 = 2

J2 −M2

N(N − 1)
.

We denote the probability that the measurements of σix and σjy gives the same result as P+ and the
probability to get opposite results as P− = 1−P+. Then 〈JM |σixσ

j
x|JM〉 = P+−P− = 2P+−1

which gives that

P+ =
1

2
+

J2 −M2

N(N − 1)
.

For N = 2 and M = 0 we get P+ = 1. For large N and M = 0 we get P+ ≈ 3
4 .

l) We have N = 4, J = 2, M = −2,−1, 0, 1, 2.

M = 2|22〉 = |1111〉
ρ1 = |1〉〈1|
S = 0 (no entanglement)

M = 1|21〉 = 1

2
(|0111〉+ |1011〉+ |1101〉+ |1110〉)

ρ1 =
1

4
(|0〉〈0|+ 3|1〉〈1|)

S = −1

4
ln

1

4
− 3

4
ln

3

4

M = 0|20〉 = 1√
6
(|0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉)

ρ1 =
1

2
(|0〉〈0|+ |1〉〈1|)

S = −21
2
ln

1

2
= ln 2.

Negative M gives the same with 0 and 1 interchanged.
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m)

ρ12 =
1

6
(|00〉〈00|+2|01〉〈01|+2|10〉〈10|+|11〉〈11|+2|01〉〈10|+2|10〉〈01|) = 1

6


1 0 0 0
0 2 2 0
0 2 2 0
0 0 0 1

 ,

where we use the matrix representation |0〉 =
(

0
1

)
and |1〉 =

(
1
0

)
. Two eigenvalues are

p1 = p4 = 1/6. We find the other two eigenvalues∣∣∣∣ 1
3 − p

1
3

1
3

1
3 − p

∣∣∣∣ = p2 − 2

3
p+

1

12
= 0,

which gives

p2 =
2

3
p3 = 0.

The entropy is

S = −
∑
n

pn ln pn =
1

3
ln 6− 2

3
ln

2

3
= ln 3− 1

3
ln 2.

n) We have

D− = σ− ⊗ 1+ 1⊗ σ− =


0 0 0 0
1 0 0 0
1 0 0 0
0 1 1 0


and

H = −ω0

2
(σz ⊗ 1+ 1⊗ σz) = −ω0


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

 .

We parametrize the density matrix

ρ =


p a b c
a∗ q d e
b∗ d∗ r f
c∗ e∗ f∗ s

 . (1)

with p, q, r, s ∈ R and p + q + r + s = 1. Using the Lindblad equation we find (after some
calculations)
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dρ

dt
= −iω0


0 −a −b −2c
a∗ 0 0 −e
b∗ 0 0 −f
2c∗ e∗ f∗ 0



− γ

2


4p 3a+ b a+ 3b 2c

3a∗ + b∗ 2q + d+ d∗ − 2p q + r + 2d− 2p e+ f − 2a− 2b
a∗ + 3b∗ q + r + 2d∗ − 2p 2r + d+ d∗ − 2p e+ f − 2a− 2b

2c∗ e+ f∗ − 2a∗ − 2b∗ e+ f∗ − 2a∗ − 2b∗ −2(q + r + d+ d∗)

 .

A stationary state is a state with dρ
dt = 0, which means that all matrix elements of dρdt are 0. The 11

element gives that p = 0. The 23 and 32 elements give that d = d∗ and then the 22 ad 23 elements
give that q = r = −d. The condition p + q + r + s = 1 then implies q = 1

2(1 − s). The 12
and 13 elements together imply that a = b = 0 and if we know that, the elements 42 and 43 give
e = f = 0. The 14 element gives c = 0. The only remaining free parameter is s, and the density
matrix has the form

ρ = s|00〉〈00|+ (1− s)|ψ−〉〈ψ−|.

o) IF the initial state is |10〉, the initial density matrix has q = 1 and all other elements are =0. From
the expression for dρdt we see that only the elements q, r, s and d will ever be nonzero. They satisfy
the equations

q̇ = −γ(q + d)

ṙ = −γ(r + d)

ḋ = −γ
2
(q + r + 2d)

ṡ = γ(q + r + 2d)

Summing the first two equations and subtracting twice the third we get

d

dt
(q + r − 2d) = 0

which implies that q + r − 2d = 1 since this is the value at t = 0. In the final stationary state we
have q+ r+2d = 0, so we have d = −1

4 . Then q+ r = 1
2 and s = 1

2 . The final stationary state is
then

ρ =
1

2
|00〉〈00|+ 1

2
|ψ−〉〈ψ−|

in accordance with what we found in c).

p) With independent environments for each atom (e.g. distiguishable photon modes) we have one
Lindblad operator for each process (atom 1 emits and atom 2 emits).

dρ

dt
= −i[H, ρ]− γ1

2
(σ+1 σ

−
1 ρ+ ρσ+1 σ

−
1 − 2σ−1 ρσ

+
1 )−

γ2
2
(σ+2 σ

−
2 ρ+ ρσ+2 σ

−
2 − 2σ−2 ρσ

+
2 )
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where σ±1 = σ± ⊗ 1 and σ±2 = 1⊗ σ±. With the density matrix as in Eq. (1) we get

dρ

dt
= −iω0


0 −a −b −2c
a∗ 0 0 −e
b∗ 0 0 −f
2c∗ e∗ f∗ 0



− γ1
2


2p 2a b c
2a∗ 2q d e
b∗ d∗ −2p −2a
c∗ e∗ −2a∗ −2q

− γ2
2


2p a 2b c
a∗ −2p d −2b
2b∗ d∗ 2r f
c∗ −2b∗ f∗ −2r

 .

In a stationary state we have dρ
dt = 0 which gives p = a = b = c = d = e = f = r = q = 0 and

s = 1, so the only stationary state is |00〉〈00| which means that any initial state will decay to the
ground state.
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FYS 4110/9110 Modern Quantum Mechanics
Midterm Exam, Fall Semester 2022. Solution

Problem 1: Supersymmetric quantum mechanics

a) We have

A†A =

(
− ip√

2m
+W (x)

)(
ip√
2m

+W (x)

)
=

p2

2m
− i√

2m
[p,W (x)] +W 2.

Using (remember that the derivative should act on all functions to the right)

∂

∂x
W =

∂W

∂x
+W

∂

∂x

we get

[p,W (x)] = −i ∂
∂x
W + iW

∂

∂x
= −i∂W

∂x
−

Thus we have
W 2 − 1√

2m

dW

dx
= V−.

b) This is just multiplying matrices.

c) For a system of two particles, the total Hilbert space would be the tensor product of the individual
Hilbert spaces. In this case, the Hamiltonian is the direct sum of the individual Hamiltonians, and
corresponds to a single particle that is confined in one of the two potentials with no amplitude for
tunneling between them.

d) The ground state energy is

E0 = 〈Ψ0|H|Ψ0〉 = 〈Ψ0|
{
Q,Q†

}
|Ψ0〉 = 〈Ψ0|QQ†|Ψ0〉+〈Ψ0|Q†Q|Ψ0〉 = |Q†|Ψ0〉|2+|Q|Ψ0〉|2 ≥ 0

e)

AH− = AA†A = H+A,

A†H+ = A†AA† = H−A
†.

f)
H+A|ψ−n 〉 = AH−|ψ−n 〉 = E−n A|ψ−n 〉.

g) For unbroken SUSY we have
H|Ψ0〉 = H−|ψ−0 〉 = 0.

This implies that
〈ψ−0 |H−|ψ

−
0 〉 = 〈ψ−0 |A

†A|ψ−0 〉 = |A|ψ−0 〉|
2 = 0

which means that A|ψ−0 〉 = 0.
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h) We order the eigenstates |ψ±0 〉 according to increasing energy, and we know that the ground state
|ψ−0 〉 of H− does not have a corresponding eigenstate of H+ while all the other states do. So
E+

n−1 = E−n and
|ψ+

n 〉 = NA|ψ−n+1〉

with some normalization N . To determine this we calculate

1 = 〈ψ+
n |ψ+

n 〉 = N2〈ψ−n+1|A
†A|ψ−n+1〉 = N2E−n+1

which gives N2 = 1/E−n+1 = 1/E+
n and we get

|ψ+
n 〉 =

A√
E+

n

|ψ−n+1〉. (1)

i) We know that A|ψ−0 〉 = 0, which in the position basis takes the form[
1√
2m

∂

∂x
+W

]
ψ−0 (x) = 0.

Solving this differential equation gives

ψ−0 (x) = Ne−
√
2m

∫ x
0 W (x′)dx′

.

j)

V± = W 2 ± 1√
2m

∂W

∂x
= b2

cos2 x

sin2 x
± b√

2m

1

sin2 x
= −b2 + b

(
b± 1√

2m

)
1

sin2 x
.

If we choose b = 1√
2m

we get

V− = − 1

2m

V+ = − 1

2m
+

1

m sin2 x

on the interval 0 ≤ x ≤ π with both potentials being∞ outside this interval.

k) Normally the potential is 0 at the bottom of the well and the eigenstates are written as
√

2/π sinnx
with n = 1, 2, . . . with the eigenvalues n2/2m. Since we start numbering from n = 0 we write

ψ−n (x) =

√
2

π
sin(n+ 1)x

with

E−n =
(n+ 1)2 − 1

2m
.

where we have subtracted the 1/2m energy at the bottom of the potential.
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l) To simplify the expresions, we define n′ = n+ 1. We have

Aψ−n′(x) =
1√
2m

[
∂

∂x
− 1

tanx

]
ψ−n′(x) =

1√
πm

[
n′ cosn′x− sinn′x

tanx

]
.

With

E+
n = E−n′ =

(n′ + 1)2 − 1

2m
we get

ψ+
n (x) =

√
2

π

1√
(n′ + 1)2 − 1

[
n′ cosn′x− sinn′x

tanx

]
.

m) Since

H+(a0, x)−H−(a1, x) = g(a1)− g(a0)

is a number, the two Hamiltonians will have the same eigenfuntions and the difference between
the eigenvalues is the same number so that

E+
n (a0) = E−n (a1) + g(a1)− g(a0).

n) If SUSY is unbroken for all n we have E−0 (an) = 0. From shape invariance(SI) we have

E+
0 (a0) = E−0 (a1) + g(a1)− g(a0) = g(a1)− g(a0).

From SUSY we know that

E−1 (a0) = E+
0 (a0) = g(a1)− g(a0).

We can repeat the same process

E−2 (a0)
SUSY

= E+
1 (a0)

SI
= E−1 (a1) + g(a1)− g(a0)

SUSY
= E+

0 (a1) + g(a1)− g(a0)
SI
= E−0 (a2) + g(a2)− g(a1) + g(a1)− g(a0) = g(a2)− g(a0).

The same continues for higher levels so that

E−n (a0) = g(an)− g(a0).

o) From Eq. (1) we get

A†|ψ+
n 〉 =

A†A√
E+

n

|ψ−n+1〉 =
H−√
E+

n

|ψ−n+1〉 =
E−n+1√
E+

n

|ψ−n+1〉 =
√
E+

n |ψ−n+1〉

which means

|ψ−n (a0)〉 =
A†(a0)√
E+

n−1(a0)
|ψ+

n−1(a0)〉.

We then have
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|ψ−1 (a0)〉 =
A†(a0)√
E+

0 (a0)
|ψ+

0 (a0)〉
SI
=

A†(a0)√
E+

0 (a0)
|ψ−0 (a1)〉

|ψ−2 (a0)〉 =
A†(a0)√
E+

1 (a0)
|ψ+

1 (a0)〉
SI
=

A†(a0)√
E+

1 (a0)
|ψ−1 (a1)〉

=
A†(a0)√
E+

1 (a0)

A†(a1)√
E+

0 (a1)
|ψ+

0 (a1)〉
SI
=

A†(a0)√
E+

1 (a0)

A†(a1)√
E+

0 (a1)
|ψ−0 (a2)〉.

Repeating this procedure we get

|ψ−n (a0)〉 =
A†(a0)√
E+

n−1(a0)
· · · A†(an−2)√

E+
1 (an−2)

A†(an−1)√
E+

0 (an−1)
|ψ−0 (an)〉

p) With
√

2m = 1 we have

V±(b, x) = −b2 + b(b± 1)
1

sin2 x
.

This means that

V+(b, x) = −b2+b(b+1)
1

sin2 x
= −b2+(b+1)2−(b+1)2+(b+1)(b+1−1)

1

sin2 x
= V(b+1, x)+(b+1)2−b2.

If we choose the funtions
f(b) = b+ 1 g(b) = b2

we satisfy the conditions for shape invariance.

q) Choosing the value b = 1 corresponds to the infinite square well for V−(1, x). We choose a0 = 1
and get an = an−1 + 1 = n+ 1. This means that g(an) = (n+ 1)2. Using (??) this gives

E−n (1) = (n+ 1)2 − 1

which are the energy eigenvalues if
√

2m = 1. The wavefunctions can b edetermined since we
know that

ψ−0 (an, x) = Ne−
∫ x
0 W (an,x′)dx′

We need the integral

−
∫
W (an, x

′)dx′ = an

∫
dx

tanx
= an ln | sinx|+ C

where C is the integration constant. This gives that up to normalization we have

ψ−0 (1, x) = N sinx.

We can also find

ψ−1 (1, x) = NA†(a0)e
−

∫ x
0 W (a1,x′)dx′

= NA†(1)e−
∫ x
0 W (2,x′)dx′

(
∂

∂x
− 1

tanx

)
e2 ln | sinx| = N sin 2x.
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