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Solutions to problem set 3

3.1 Ladder operators in the Heisenberg picture

Alternative 1 )
H = hw (aTa - 2) . U(t,0) = et/

One way to find the time evolution of an operator in the heisenberg picture, is to trans-
form them as follows:

alt) = UL 0)Tal(t,0) = et/ hge—ith/h
al(t) = U,0)talti(t,0) = e/ hae=tH/M
We know that
. N R )\2 R A
MBe M Z By [A, B] +5 [A, [A, B” +
We need the commutators
. 1
[H,&} = hw {afaju 2,&} — hw [a*a,a} — hw ([eﬁ,a] a+al [a,a]) = —Fwé
. 1
[H,aq — hw [a*a+ 2,&*] - hw [a*a,aq — hw ([a*,aq a+at [a,aTD — hwal

in order to get:

) ) . 2
GtH gt/ _ o Y [I:I,@:| + 1 (”) {g’ [ﬁ’&” +o.

1 [t
— &—itw&+2|<lh> (~hw)*a+ -
—itw)?
— d(l—i—(—z’tw)—i—( 12,“) +>
_ defitw
and
A ~ 3 ) 2
GitH hgt —itH/h  _ duﬁ[[q’dqul “ [IS{, [H,dTH+
I 20\ R
1 [it\?
- aT+itwdT+2,<%> (rw)*al -
N2
t
= dT<1+(itw)+(Z;}) +>
— d'l‘e’itw
So we have:
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Alternative 2 Another option is to use the Heisenberg equation of motion:

:hm@]inQQZ—m& (1)
The solution to this equation is the same if @ is an operator as if it was a number, and

we get

a(t) = ae™ "™,

and similarly for a.

3.2 Displacement operators in phase space

We have the Campbell-Baker-Hausdorff expans10n HMAB — M 2 . Let’s exam-

ine the commutators, with A= zgal — zra, B= zal — zpa.

{fl, B} = [zadT — 2%, mal — z;d} = [za f zbaq + [zadT, —ZZ&] + [—zzd, zde] + [~z 0, —za
————
M =0

= 22y — 252 = Re(zq2;) — Re(z52p) + 1Im (242) — i Im (2 2) = 20 Im (2425)

~~

=0 :iIm(zaZ;)—iIm([zazg‘]*)
[B, fl} = — [/1, B} = —2iIm (z42;)
These are complex numbers (and not operators), which means higher order terms vanish, as everything
commutes with numbers. We’re ready to examine the problem:
~ A~ n s 27 4 o
D(z)D(z) = e MPBHY[AB]
A=1 za&T—z;&—&-zb&T—zgd—&-%(zazg—z;zb)

= e
e(za+zb)dT—(z;+z;)d+i Im(zazl’:)

If we change the order, the only thing that changes is the order in the commutator:

D (2) D (2q) = elzetm)al=(zi+2))a—ilm(zaz;)
From this wee see that
D(2)D(z) = e2mEE)D () D (2,)

This makes: « (z4,2) = 2Im(24%;), and the condition for the displacements to commute, is
Im (2z,2;) = 0. Written out, this becomes:

1
o Im [(mw:ng +ip) (mwm - zpcﬂ =0
Im [(mw)2 2828 — imwrp® + imwplal + pcpc} =0
—mwmcpc + mwpgx I(’: = 0
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The resulting condition is:

b
Te _ T
p¢ pb

Geometrically it means that z;, = cz, with ¢ € R a real constant, which means that z, and z; lie on

the same line passing through the origin in the complex plane.

3.3 Eigenvectors for a'?

We assume af|Z) = Z|Z) and expand in the basis |n).
Starting with the left hand side:

iflz) = 'S [n)(nl2)
n=0

= > (nEvn+1in+1)
n=0
= ) (n—12)Van)
n=1
Then the right:
zz) = 2 ) (n|2)n)
n=0
Equating:
S n—1z)van) = 23 (nl2)n)
n=1 n=0

This gives for all n:

(nfz) = (n = 1|z)—

Y

and

(0z) =0

as there is no corresponding term. This means that (1|z) = (0|Z) Y1 — 0, and thus all coefficients are 0

z

by induction. As the sum of coefficients that are exactly 0 is still 0, we cannot satisfy Y oo, [(n|2)|? =
1, and therfore not normalize it.

3.4 A driven harmonic oscillator (Exam 2010)
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~ 1 ) .
H = hwo (eﬁa + 2) + B (aTe—Zwt + de“"t) , [a, eﬁ] -1
) .
SHGUNEES G

a) We’re given the Heisenberg equation of motion, which can be used on operators in order to get a
differential equation that determines the time evolution of the operator

o a1, 0A

Al + 2

4]+ 5

d . 1
it =
Note that %—? is the explicit time derivative of the operator in the Schrodinger picture. The ladder
operators have no explicit time dependende in the Schrodinger picture, and thus % = 0.
Using
[fa] = —huea— AT = i _ 4t e
dt? dt

we have that

da T A ;
dfctb — % {PL a} = —i (wod + Ae™™")
Taking the derivative we get
d*a . da it
gz = wog - Awe "

= —wid— (wo +w) e ™!

Conjugating we get

d2at R .
= —whal = (wo + w) Ae™
Then,
d?% 1 (d*  d%al 1 . . ) ,
(w:z(ﬁﬂnw>:zﬁw@—WMwMeM—ﬁd—wﬁwnwﬂ
1 , A
= 5 (e (a+at) = Ao +w) (" + 7))

1, . .
= —wit — A (wo +w) 3 (e™' + e
= —wit — A (wo + w) coswt
This is indeed on the form:

23 .
W"’Wox = Ccoswt, C=-\(wp+w)
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b) Using that Hr|y7(t)) = il [yr(t)), we get
frlir(t) = mamw( )
WL (e + 70 2 o)

8£|¢(t)> + T H(t)[y(t))

X ot . o
Hrlyr(t) = iho T (@) + TOHOTE) [Yr (1))
. R/ AP
Then we use that: T'(t) = eiwtala %—:f = dwataT(t) and T(t)t = e~wa'd the Jast one is due to
a'a = N which is hermitian. Then
T . A
m% T = ihiwa'aT ()T ()" = —hwa'a

We define the two terms in the Hamiltonian as
~ 1 . . ~ N
H = hwy (&Td + 2) + hA (dTe_“"t + de“"t) = Hy+ H,

We see that [}EIO, T (t)} = 0 which means that

We have that

iwtaTa 1  —iwata iwtaTa~t —iwata —i iwtata ~ —iwata i
ezwta aHle wa'la _ Al <ezwta aaTe wa ae zwt+ezwta aae wa aezwt)

Applying M BeM = B + A [fl, B’] +3 [fl {A, BH + - -+, with the commutators:

[a*a, afl = 'aT,aT} a+al [a,fﬁ]
o=l
N [aTa, [&T&,&T] — ata, cﬂ
_ @T
[am, al = [af, a} i+ al[a, al
- _a
N [eﬁa, [&Ta, a] &
we get
[e’e] . n oo . n
wtata 7y —iwata AT (u“)t) —iwt ~ (_ZWt) iwt
e Hie = kA <a <Z ] e +a Z ] e
= n=0
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c)

Then we find

TOHMGT@®T = Hy+ B (dT + &)

1
- hw0< a+2> +m(a*+a)
The full Hamiltonian is:

Hr = TOHM®T(t )Mm%ff(m

= (aa >+h/\(AT+d)—hwde

1
— fi(wo—w)a a+m(a*+a>+§7m0

If [¢)(t)) evolves as a coherent state, it satisifies: a|y(t)) = ¥(¢t)[1(t)). Let’s note that the hamil-
tonian in the Schrodinger picture has an explicit time dependence, and in order to get the time

evolution operator, we would want it to be time-independent. We know that Hrp is time indepen-

dent and generates the time dependence through Up (t) = e~itAr/h, Thus, in order to get the time

depence in the original picture, we need to write ¢/(¢) in terms of Ur (t):

[Wr(®) = TOW(®) =TOUBI0)
[r(t)) = Ur(t)vr(0))
= Ur(t) = TOU) = Ut) =T()Ur(t)

If |1 (t)) evolves as a coherent state, then it is an eigenstate of a:
alu(t)) = aud(1)|0) = Ut all(8)|0) = U6t (t) T (6)aT () Ur(1)|0)
From exercise b), we got that 7'(t)aT'(t)T = ae~™*, which leaves us with:
ale(t)) = e U (U () allr ()]0) = e~ U (1) T/ Mge= T/ o) )
itPIT/hde—z‘tﬁlT/h

Expanding e yields:

GitHr /hg  —itHr [l _ d—i—% [ﬁT,d} T <Z}§>2 [ﬁT’ {ﬁT’&H +...

The commutators are:

[ﬁT,&] - [h (wo — w) aTa + A (a* + a) + ;mo,&}
- [h (wo — w) dla, a] + [hA (&T + a) ,a} + [;hwo,&}
—
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[ﬁT, [HTQH _ [ﬁT,h(w—wo)a—hA}
= h(wy—w) [ﬁT,&]
[ffT, [HT, [HTam — i(w—wo) [ﬁT, [HTaH

— [n(w—w0)] [ fr,d]

We see a pattern emerging:

githr /hg—ithir /i _ o nil % (g)n [ w — wo)" " [Frr, 4]
::a+§§;(Z)WMW—wn"1mw—wwa—m>
::a+@§;$(Z)ﬂh@—wwr—iig(g)HHW—wM”4m
=a§?ﬁww—wn—§;hm[w—mmlx
- a:o flit )] - =2 i:jl [t — o)

_ geitle—wo) _ (W_Awo) (cttems) 1)

Inserting back into (2) gives:

alv(o)) = (o) (aetemn) - A (e 1) Yo

(w—wo

We note that a|0) = 0:

mwm::awmmwim@gwwgm

it s _/\wo) (1 _ eit(w—w0)> U (t)|0)
— gt (w _/\wo) (1 o eit(w—w0)> |¢(t)>
— (w _)‘wo) (e—iwt o e—itwo) W}(t»

= z(B)]=(1)
We see that the number z(¢) is the difference of two complex numbers which have the same
constant absolute value while rotating with different frequencies. It will be O when the two are in
phase and maximal when they are out of phase. To get some better understanding we can rewrite

. . wo — W -wotw
wt e ttwo tet~ 2 t

e 27 sin
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This means that z(t) will follow a spiral path with the phase increasing with a freqency equal to

£0+% while the amplitude changes with the frequency 0. Here are two examples (Left: wy = 1,

w = 0.1, Right: wp =1, w = 0.9)

5
g

AN

The real part is given as:

a;(t) — l(z(t) + Z(t)*) _ 1 A ) (efiwt _ e*itwo + eiwt o eitwo) —

2 2 (w—wop (w —wo)

Finding the equation of motion:

d? A
Ff — m (—w2 coswt + w% cos wot)

We want this to be equal to C' cos wt — wgﬁ (cos wt — coswyt). The trick is then to add in O:
fg = (w—)\wo) (—w2 cos wt + wi (cos wot + coswt — cos wt))
= (w—)\wo) ((—W2 + w%) coswt + wg (coswpt — cos wt))
- (w_AwO) (—w? + wf) coswt — whr = —A (w + wo) coswt — wix

Thus, we see it satisfies the equation with C' = —\ (w + wyp).

(cos wt — cos wyt)



