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Problem 1

A molecule consisting of two different atoms can rotate in space about two axes each having

moment of inertia I. The third axis, which joins the two atoms, is a symmetry axis, thus

there is no rotation about that axis. In this problem consider only the rotational motion of

the molecule (neglect translational motion and vibrations).

1.1 Use the equipartition theorem from classical statistical mechanics to find the

heat capacity of this molecule at temperature T.

Quantum mechanically the molecule has energy levels

Ej =
h̄2

2I
j(j + 1) , j = 0, 1, 2, . . .

each level is 2j + 1-fold degenerate.

1.2 Use quantum statistical mechanics to write down an expression in terms of a

sum for the canonical partition function Z for this molecule (do not attempt to evaluate

the sum). Give also general expressions (in terms of derivatives etc.) for how to compute

the average energy and heat capacity from the canonical partition function.

1.3 Derive an expression for the temperature dependence of the molecule’s heat ca-
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pacity C(T ) at low temperatures. In what range of temperatures is your expression valid?

1.4 Use quantum statistical mechanics to derive an expression for the molecule’s

heat capacity C(T ) valid for high temperatures. Compare your result to the one you got in

problem 1.1.

Problem 2.

Consider a damped harmonic oscillator, forced with an external force, f(t), and obeying

the equation of motion
d2θ

dt2
= −ω2

0θ − γ
dθ

dt
+ f(t),

ω0 is the internal frequency of the oscillator, and γ > 0 is a positive damping coefficient.

2.1 Fourier transform the equation of motion using that

f̃(ω) =

∫ ∞

−∞
dtf(t)eiωt.

2.2 Determine the Fourier transform of the susceptibility χ̃(ω).

2.3 Check that χ(t) =
∫ ∞
−∞ dωχ̃(ω)e−iωt is causal, namely that χ(t) = 0 for t < 0.

(Hint: Examine the position of the poles in the complex ω-plane.)

2.4 Given a forcing f(t) = cos(ωt), calculate the average dissipated power using the

formula

p(ω) =
ω|fω|2

2
χ′′(ω),

where χ′′(ω) is the imaginary part of χ̃(ω) and f(t) = 1/2(fωeiωt + f ∗
ωe−iωt).

Problem 3.

Consider the Ising model for a d-dimensional, square lattice in a magnetic field given by the

Hamiltonian

H = −J
∑
〈ij〉

sisj − h
∑

i

si,
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where 〈ij〉 means summation over nearest neighbours, J > 0 and si = ±1 for i = 1, · · · , N .

3.1 Show that partition function in the mean-field approximation is given by

Z = [2 cosh β(2dJ〈s〉 + h)]N .

3.2 Derive the self-consistent equation for the mean-field magnetization per spin

〈s〉 = tanh β(2dJ〈s〉 + h). (1)

3.3 Differentiate Eq. (1) to show that the susceptibility per spin is given by

χ =
∂〈s〉
∂h

=
(1 − 〈s〉2)

kBTc(t + 〈s〉2)
,

where t = (T − Tc)/Tc and Tc is the mean-field critical temperature. What is the value of

Tc?

(Hint: Use that d tanh(x)/dx = 1/ cosh2(x) and from the self-consistency relation that

cosh2 β(2dJ〈s〉 + h) = 1/(1 − 〈s〉2).)

——–THE END
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