
Mandatory exercises FYS4160 Spring 2013

26th February 2013

Due March 18th 2013. You can send your answers by e-mail to
ola.liabotro@fys.uio.no or deliver them at one of the group sessions.

1 Problems from textbook

2.2 Faster than light?

5.1 Spatial geodesics on rotating disk

2 Newtonian gravity in 4+1 dimensions

In this problem we consider Newtonian gravity in four spatial dimen-
sions.

a)

Starting from the Poisson equation,

∇2φ(r) = κρ(r), (1)

show that the gravitational potential around a point mass M at the origin
is

φ(r) = − κM
4π2r 2 . (2)

Here, r = |r| and the potential is taken to be zero at infinity.
(Hints: Use Gauss’ law, spherical symmetry and that the hypersurface of
a four dimensional ball with radius r is 2π2r 3.)
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3 COVARIANT DERIVATIVE

b)

Suppose that a planet of mass m � M is moving in this gravitational
field. You can assume that the planet’s movement is restricted to the
plane spanned by its velocity vector and its position vector.

Write down the Lagrangian (L = 1
2mv2 − φm) for the planet in terms

of the coordinates (r , θ) in the plane and find the Lagrange equations.

c)

Show that there is a cyclic coordinate and a corresponding constant of
motion,

l = mr 2θ̇. (3)

Which conservation law is this?

d)

The constant of motion can be inserted into the other Lagrange equation,
giving

r̈ = l2

m2r 3 − κM
2π2r 3 . (4)

Suppose the planet is moving in a circular orbit such that ṙ = r̈ = 0.
What would happen if a meteorite hit the planet, increasing its mass
slightly, but without changing l? Do you think that this is the reason why
as of yet, no stars in 4+1 dimensional spacetime with orbiting planets
have been observed?

3 Covariant derivative

The components of the covariant derivative of a vector are given by

uµ
;ν = uµ

,ν + uλΓ µ
λν (5)

where comma denotes the usual derivative, uµ
,ν = ∂

∂xν uµ.
In coordinate basis, the Γ ’s are the Christoffel symbols,

Γ α
µν = 1

2
gαλ(gµλ,ν + gλν,µ − gµν,λ). (6)
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3 COVARIANT DERIVATIVE

a)

The metric for a flat FRW model is given by

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2). (7)

(i.e. gtt = −1, gii = a2) Calculate the non-zero Christoffel symbols for
this metric.

b)

A vector field is given by

v = vµ ∂
∂xµ = t4x1y6,0 ∂

∂t
+ ∂

∂x
. (8)

Calculate the components of the covariant derivative, vµ
;ν . Take care as

even if vµ may be zero, vµ
;ν may be non-zero.

c)

The covariant derivative of a two-tensor is given by

Aµν
;α = Aµν

,α + AλνΓ µ
λα + AµλΓ ν

λα (9)

The stress-energy tensor can typically have the form

T = ρ
∂
∂t

⊗ ∂
∂t

+ p
a2 (

∂
∂x

⊗ ∂
∂x

+ ∂
∂y

⊗ ∂
∂y

+ ∂
∂z

⊗ ∂
∂z

). (10)

Where energy density ρ and pressure p are functions of time. Conser-
vation of energy and momentum in general relativity is ensured by the
vanishing divergence of this tensor.

T µν
;ν = 0. (11)

Calculate T tν
;ν . Why does putting this equal to zero express conservation

of energy? Does it? Or is it rather conservation of another thermody-
namic quantity? (Hint: Try to write two of the terms as a total time
derivative and compare to the first law of thermodynamics).
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