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Final exam
Lecture spring 2016: General Relativity (FYS4160)

 Carefully read all questions before you start to answer them! Note that you
don’t have to answer the questions in the order presented here, so try to answer
those first that you feel most sure about. Note also that there are more
questions in total than you can likely do in 4 hours – even for a very
good grade, you will not be required to have attempted all questions! Keep your
descriptions as short and concise as possible! Answers given in English are pre-
ferred – but feel free to write in Scandinavian if you struggle with formulations!
Maximal number of available points: 60.

Good luck!

Problem 1 (15 points)

a) State the different versions of the equivalence principle, and give in each case
an example of a simple (thought) experiment of how to test it! (6 points)

b) Describe why the equivalence principle strongly suggests to describe gravity not
as an ordinary force, but in terms of curved spacetime! (4 points)

c) State the equation of motion of a test particle in special and general relativity,
in arbitrary coordinates, and discuss the difference! (3 points)

d) What is the minimal coupling principle? Provide an example for how to apply
it! (2 points)

Problem 2 (5 points)
Show that time passes slower for accelerating than inertial observers in special relati-
vity! Use the equivalence principle to demonstrate that this implies that clocks in a
gravitational field move slower than clocks in the absence of a gravitational field!
[To simplify the discussion, you may assume constant acceleration.]

Problem 3 (13 points)
In this problem we study the interior solution of a static, spherically symmetric star.
As shown in the lecture, the line element can in this case be written as

ds2 = gµνdx
µdxν = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2 ,
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giving rise to the following tt and rr components of the Einstein tensor (you do not
have to show this):

Gtt =
1

r2
e2(α−β)

(
2r∂rβ − 1 + e2β

)
Grr =

1

r2
(
2r∂rα + 1− e2β

)
.

a) Model the star as a perfect fluid with density ρ and pressure p, and derive the
tt and rr components of Einstein’s field equations. (3 points)

b) Replace β(r) with a new function m(r) such that the rr component of the metric
takes the same form as in the Schwarzschild case, just with the Schwarzschild
mass M replaced by m(r). Assuming that the star extends to radius R, after
which there is only vacuum, what is the value of m(r ≥ R)? (1 point)

c) Using the result from a) and b), show that m(r) = 4π
∫ r
0
ρ(r′)r′2dr′! (2 points)

d) What is the integrated energy density inside a radius r? Discuss the difference
to the result obtained in c). (3 points)

e) Use the results obtained in a) and b), along with the conservation of stress-
energy, to prove the Tolman-Oppenheimer-Volkoff equation: (4 points)

dp

dr
= −(ρ+ p) [Gm(r) + 4πGr3p]

r [r − 2Gm(r)]
,

which is the relativistic equation of hydrostatic equilibrium

Problem 4 (5 points)
Imagine an observer in the Schwarzschild geometry that is stationary with respect to
the standard Schwarzschild coordinates, e.g. because she is sitting on the surface of
a planet, or neutron star. Calculate the acceleration this observer experiences, and
compare it to the Newtonian expectation!

Problem 5 (15 points)
Consider the line element of the FRLW metric

ds2 = gµνdx
µdxν = −dt2 + a2(t)

[
dr2

1− κr2
+ r2dθ2 + r2 sin2 θdφ2

]
= −dt2 + a2(t)γij(x)dxidxj

and the stress-energy tensor of a perfect fluid, which in the rest frame of the fluid is
given by

T µν =
∑
i

diag(−ρi, pi, pi, pi) .
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a) Compute the (µ, ν) = 00- and 11-component of Einstein’s field equations in the
following form (8 points),

Rµν = 8πG

(
Tµν −

1

2
Tgµν

)
+ Λ gµν .

[Hint: Show first that all non-vanishing Christoffel symbols are given by Γρi0 =
Hδρi , Γ0

ij = Hgij and Γijk = (3)Γ̃ijk, where the latter is the Christoffel symbol
of the 3-space alone (i.e. when using γij as metric). Demonstrate then that the
relevant components of the Riemann tensor are given by Ri

0j0, R0
i0j and Rk

ikj.

Write the latter as Rk
ikj = (3)R̃ij + ... and use the fact that the 3D Ricci tensor

(computed from γij) takes a very simple form for a space of constant curvature,
namely (3)R̃ij = 2κγij.]

b) Show that the result from a) is equivalent to the standard form of the Friedmann
equations, (2 points) (

ȧ

a

)2

=
8πG

3
ρtot −

κ

a2

and
ä

a
= −4πG

3
(ρtot + 3ptot) .

c) Introduce an equation of state, pi = wiρi (no sum over i!). Use the fact the
energy is conserved for each component i individually to derive how ρi evolves
with a. Briefly discuss the physical significance of this result. (5 points)

Problem 6 (7 points)
The CMB photons that we observe today, all emitted from a redshift of around
zCMB ∼ 1300, have essentially the same temperature in all directions of the sky. What
is the coordinate size of the particle horizon at tCMB, and how does that compare to
the size of the region where we observe these photons to originate from? I.e. how many
regions does the sky today consist of that had been causally disconnected all the time
since the big bang until tCMB (when assuming standard big bang cosmology)? Sketch
why an early period of accelerated expansion of the universe can explain how all these
photons could in principle still have the same temperature.
[For simplicity, you can assume that the universe was radiation dominated before
tCMB, and matter-dominated afterwards. As you don’t have a calculator, it is sufficeint
to state the number of causally disconnected regions with one digit’s precision.]
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