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Final exam
Lecture spring 2017: General Relativity (FYS4160)

 Carefully read all questions before you start to answer them! Note that you
don’t have to answer the questions in the order presented here, so try to answer
those first that you feel most sure about. Note also that there are more
questions in total than you can likely do in 4 hours – even for an ‘A’,
you will not be required to have attempted all questions! Keep your descriptions
as short and concise as possible! Answers given in English are preferred – but
feel free to write in Scandinavian if you struggle with formulations! Maximal
number of available points: 60.

Good luck !!!

Problem 1 (3 points)

a) Show that metric compatibility, i.e. ∇µgρσ = 0, implies compatibility of the
inverse metric, i.e. ∇µg

ρσ = 0. (1 point)

b) If a vector V µ is covariantly conserved, i.e. ∇µV
µ = 0, can you show that this

implies that the corresponding dual vector Vµ is covariantly conserved? If so,
prove it. If not, what is the difference compared to the case of the metric gρσ?
(2 points)

Problem 2 (3 points)
Consider the energy-momentum tensor T µν of a relativistic perfect fluid (‘radiation’).
Find an explicit expression for T µµ in a frame boosted along the x-axis with a speed
v with respect to the overall rest frame of the fluid.

Problem 3 (11 points)

a) State the equivalence principle as formulated by Einstein. Argue why this prin-
ciple strongly suggests to describe gravity as being geometric in nature! What is
the decisive difference to other forces of nature, e.g. the electromagnetic force?
(4 points)

b) What are the properties of Riemannian manifolds that make them particularly
suited for the geometric description of gravity? (3 points)
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c) Suppose that we lived in a world with only two forces: gravity and the electro-
magnetic force. Also suppose that every bit of matter in this world was extremal
in the sense that the absolute value of the electromagnetic charge of any elemen-
tary particle is always equal to its mass (with a universal constant to get the
dimensions correct). In this world, does it make sense to single out gravity as
providing the curvature of spacetime, or could we instead use electromagnetism,
or perhaps both? Would the conclusion change if the world only consisted of
positively (or negatively) charged particles? (4 points)

Problem 4 (5 points)
Consider an observer in the Schwarzschild geometry that is stationary with respect to
the standard Schwarzschild coordinates, e.g. because she is sitting on the surface of a
planet. Calculate the acceleration this observer experiences, as given by the magnitude
of d2xi/dτ 2. Discuss the result in light of the Newtonian expectation!

Problem 5 (12 points)
In the lecture, we have derived that photon geodesics in the Schwarzschild geometry
satisfy

E =
1

2

(
dr

dλ

)2

+
L2

2r2
− GML2

r3

where λ is an affine parameter, E = const. related to energy conservation, and L =
r2dφ/dλ = const. related to the conservation of angular momentum.

a) Use the above equation to show that for photons there exists an unstable circular
orbit at rc = 3GM , i.e. relatively close to the black hole. (3 points)

b) Imagine a stationary observer at rc = 3GM who emits a light pulse in a direction
perpendicular to the direction of the black hole. After which time will she see
the light pulse ‘unexpectedly’ appearing from the opposite direction? On the
other hand, what orbital period would a very distant observer assign to the
photon going once around the black hole? (5 points)
[Hint: Start from the fact that the 4-velocity of a photon is always light-like.]

c) Show explicitly, by perturbing the geodesic equation in the equatorial plane,
that the circular orbit of the photon at r = 3GM is indeed unstable! (4 points)
[Hint: First transform the equation given in the problem to an orbit equation,
i.e. an equation for r = r(φ), as we did when discussing perihelion precession.
Then deduce an equation for η ≡ (r − 3GM)/(3GM) and solve it for η � 1.]
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Problem 6 (13 points)
In this problem, we consider linearized gravity, i.e. we assume a weak gravitational
field such that the metric can be written as a small perturbation of flat spacetime,

gµν = ηµν + hµν , |hµν | � 1 .

a) Start from the general expression for the Riemann curvature tensor,

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµσΓλνσ − ΓρνσΓλµσ ,

and show that, to first order in hµν , Einstein’s equations in vacuum become

∂σ∂νh
σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−�hµν = 0 ,

where h ≡ ηµνhµν and � ≡ ηµν∂µ∂ν . (4 points)

b) Demonstrate that the above equation is invariant under hµν → hµν + ∂(µξν)
for any space-time function ξµ � 1. What is the physical significance of this
observation? (3 points)

c) Argue why one may instead only consider the much simpler equation �hµν = 0.
In which sense does that equation describe gravitational waves propagating at
the speed of light? (4 points)

d) In the above, we have only looked at the propagation of gravitational waves in
vacuum – but of course they must first be produced somewhere. Explain briefly
why it is impossible to have monopole or dipole gravitational radiation in GR!
(2 points)

Problem 7 (13 points)
This problem considers the concept of horizons in cosmology. Throughout, you can as-
sume a metric that to leading order describes a Friedmann-Robertson-Walker (FRW)
spacetime.

a) How are the particle horizon and the Hubble horizon defined? What is their
respective physical significance? (4 points)

b) Assume that the scalefactor grows like a power-law in time, and calculate both
comoving horizons in that case! (2 points)

c) Same as in b), but now assume an exponential growth of the scale factor! Can
you relate the constant in the exponential to either of the Horizons? (2 points)

d) Sketch the evolution of the universe in big bang cosmology in the plane sho-
wing comoving distances vs. the scalefactor (which you can think of as a time
parameter). Use this sketch to explain why the existence of perturbations to the
FRW metric seem to imply the violation of causality, and how an early period
of cosmological inflation evades this problem. Use these considerations to derive
the conditions for inflation to take place. (5 points)
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