Lecture 19. 19. mars 2018

4.7 Connection coefficients ['*  and structure coeffi-

jns

cients ¢, in a Riemannian (torsion free) space

The commutator of two vectors, @ and ¥, expressed by covariant directional
derivatives is given by:

[t7, 7] = Vgt — NFu (4.91)
Let @ = ¢;, and ¥ = ¢;,. We then have:
[, 0] = Nuew — Ve (4.92)
Using the definitions of the connection and structure coefficients we get:
wfa = (T%, =T )6 (4.93)

Thus in a torsion free space

C[,luu - rort/.u - r[,luu (494)
In coordinate basis we have
B d B 0 )
UT Gen 0 VT v (4.95)

4.8.2 Covariant differentiation of forms

Definition 4.8.2 (Covariant directional derivative of a one-form field)
Given a vector field A and a one-form field o, the covariant directional derivative of
« in the direction of the vector 4 is defined by:

(Vaa)(A) = Vgla(A)] — a(VzA) (4.103)
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Let o = wH (basis form), w*(e;,) = #, and let A =¢, and @ = €;. We then
have:

(V) (er) = alw(e)] — " (Vaer) (4.104)

\—‘\,-/
5ty
The covariant directional derivative V) of a constant scalar field is zero, V\o*, =
0. We therefore get:
(V) (er) = —w(Vaey)

—w*([a€a)
I (4.105)
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The contraction between a one-form and a basis vector gives the components
of the one-form, a(é;,) = a,,. Equation (4.105) tells us that the v-component of
Vaw' is equal to —I' |, and that we therefore have

Wt = —TH o (4.106)

Equation (4.106) gives the directional derivatives of the basis forms. Using the
product of differentiation gives
Vaa = Va(oyet)
= V(o )wh + a, Vaw (4.107)

_ = W T w
= A(ay )t —a, It W



Definition 4.8.3 (Covariant derivative of a one-form)
The covariant derivative of a one-form a = a,w* is therefore given by Equation
(4.108) below, when we let ;1 — w/ in the first term on the right hand side in (4.107):

Via = [€x(ay) — f-'l_urﬁfj)\}ﬁy (4.108)

The covariant derivative of the one-form components «, are denoted by ., and
are defined by

Vaa = agpw” (4.109)
It then follows that

iy = xlay) — o, TH (4.110)

It is worth to note that I'" | in Equation (4.110) are not Christoffel symbols. In
coordinate basis we get:
Qper :ay‘,\—ayfﬁf\u (4.111)

where I'|  =T" | are Christoffel symbols.

4.8.3 Generalization for tensors of higher rank

Definition 4.8.4 (Covariant derivative of a tensor)
Let A and B be two tensors of arbitrary rank. The covariant directional derivative
along a basis vector €/, of a tensor A @ B of arbitrary rank is defined by:

V(A ® B) = (WA) @ B+ A® (VAB) (4.112)

We will use (4.112) to find the formula for the covariant derivative of the com-
ponents of a tensor of rank 2:

VoS = VQ(S;WEH ® w)
= (vasﬁw)ﬁlu R w” + S;w(va'ﬁ”} R’ + ’S';LVEM ® (Vaw") (4.113)

= (S,Lw,a - S,Byria - S;L,Brfxa)ﬁﬂ ® w”
where S0 = €a(Su). Defining the covariant derivative S,,.. by
VoS = S.mz;ozﬁlu ® w” (411—1)
we get

Spvia = Suva — ST e — SusTa (4.115)



For the metric tensor we get

3 3
Yuvia = Yura — !Iﬁyr‘;m - g,u,ﬁr'r/a

From

Jpv = E:L €y
we get:
Juv,ao — (V'QE;) €y + E:t(vczf_r;)
3 - - = -
= Fuczf'.@ ey ey r’?/aeﬁ
&}
- gﬁV]'—"ia' + gﬁiﬁr‘y(x
This means that
Juvioe = 0

So the metric tensor is a (covariant) constant tensor.

4.9 The Cartan connection

Definition 4.9.1 (Exterior derivative of a basis vector)

I o V= !
de, =T pafr 9w

Exterior derivative of a vector field:

dA = d(G,A") = &, ® dAY + AFde,

In arbitrary basis:
dAY = & (AY )

(In coordinate basis, @y(AY) = ﬁx(ﬂy) = AT,}/\)
giving:
1A =&, ® [7(A )] + AFTY,\8, @

= (@ (4") + AT,
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Definition 4.9.2 (Connection forms Q)

The connection forms Y, are 1-forms, defined by:

o = o
qut:fyxg'u

V g Rwr=6, " wr=¢, o
FHQEV'\{'“‘“— 76U%r;5ai *EJ/X-QH
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(4.116)
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The exterior derivatives of the components of the metric tensor:

gy = d(Fy - &) = & - 4, + &, - e, (4.127)

where the meaning of the dot is defined as follows:

Definition 4.9.3 (Scalar product between vector and 1-form)

The scalar product between a vector @ and a (vectorial) one form A = A%,@, @ w”
is defined by:
- A= uC AR (- 6,)w” (4.128)

Using this definition, we get:

A9y = (€ - N, + (8, - ey )Y,

(4.129)
- g‘LLAQAU =+ gU")‘Q’Y’j
Lowering an index gives
dguw = Q;w + Qu,u
In an orthonormal basis field there is Minkowski-metric:
9av = Npp
which is constant. Then we have :
dgp = 0= Qpp = -2y I
where we write Ql;ﬂ = I'f,ﬂdi'd. It follows that I'ypa = —T'poa-
It also follows that
t _ . 1. i
F%}‘ = Ftij = ].",l.tj = Ffj
Y |
I =T

(4.130)
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