Lecture 5 29.01.2018

2.1.3 Coordinate transformations

Given two coordinate systems {x#} and {27}
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Suppose there exists a coordinate transformation, such that the primed coor-
dinates are functions of the unprimed, and vice versa. Then we can apply the
chain rule:
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This is the transformation equation for the basis vectors. ,dzp, are elements
.
of the transformation matrix. Indices that are not sum-indices are called 'free
indices’.

Rule: In all terms on each side in an equation, the free indices should
behave identically (high or low), and there should be exactly the same
indices in all terms!

Applying this rule, we can now find the inverse transformation
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So, the transformation rules for the components of a vector becomes
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The directional derivative along a curve, parametrised by A:
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where v = Cg‘"; are the components of the tangent vector of the curve. Direc-
tional derivative along a coordinate curve:
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In the primed system:
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Definition 2.1.9 (Coordinate basis vectors.)
We define the coordinate basis vectors as:
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This definition is not based upon the existence of finite position vectors. It applies
in curved spaces as well as in flat spaces.

Example 2.1.2 (Coordinate transformation)
From Figure 2.7 we see that
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Coordinate basis vectors were defined by
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Figure 2.7: Coordinate transformation, flat space.



This means that we have

.0 .90 L0 .90
“CT0r YTy T o T bg (2.29)
.0 Ox 0 n dy 0 o
€r=—"—=—"——+——
" or  orox Ordy
Using the chain rule and Equations (2.27) and (2.29) we get
€, = costleg + sinbley,
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But are the vectors in (2.30) also unit vectors?
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So €, is a unit vector, || = 1.
o - €5 = r2(cos6 + sin?f) = (2.32)

and we see that €j is not a unit vector, |é3| = r. But we have that ¢;.-¢5 =0 =

¢rLep. Coordinate basis vectors are not generally unit vectors.

Definition 2.1.10 (Orthonormal basis)

An orthonormal basis is a vector basis consisting of unit vectors that are normal to
each other. To show that we are using an orthonormal basis we will use "hats’ over
the indices, {€}.

Orthonormal basis associated with planar polar coordinates:
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2.1.4 Structure coefficients

Definition 2.1.11 (Commutators between vectors)
The commutator between two vectors, @ and 7, is defined as
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where 4v is defined as
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We can think of a vector as a linear combination of partial derivatives. We get:
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Due to the last term, wv is not a vector.
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Here we have used that
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The Einstein comma notation =
v — vl = (v, — ot e (2.40)

As we can see, the commutator between two vectors is itself a vector.

Definition 2.1.12 (Structure coeflicients cf,,
The structure coefficients j,,, in an arbitrary basis {¢,} are defined by:
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Structure coefficients in a coordinate basis:
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The commutator between two coordinate basis vectors is zero, so the structure
coeflicients are zero in coordinate basis.

Example 2.1.4 (Structure coefficients in planar polar coordinates)
We will find the structure coefficients of an orthonormal basis in planar polar coor-
dinates. In (2.33) we found that
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We will now use this to find the structure coefficients.
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To find the structure coefficients in coordinate basis we must use [, ;] = —%Eé.
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Using (2.44) and (2.45) we get
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From the definition of ¢/, ([, 0] = —[7, i]) we see that the structure coefficients
are anti symmetric in their lower indices:
Cﬂw = —cpm (2.47)
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