Lecture 6 30.01.2018

2.2 Tensors
A 1-form-basis w'.....,w™ is defined by:
wh(e,) = o*, (2.49)

An arbitrary 1-form can be expressed, in terms of its components, as a linear
combination of the basis forms:

o = a,wh (2.50)

where o, are the components of a in the given basis.
Using egs.(2.49) and (2.50), we find:

Q(E‘U) — a}tﬁ'{é(g‘u) == Ct.u{)"'[; = vy,

1

a(?) = a(v'e,) = va(e,) = vra, = viag + Z.‘QQ’Q + .

We will now look at functions of multiple variables.

Definition 2.2.1 (Multilinear function, tensors)
A multilinear function is a function that is linear in all its arguments and maps
one-forms and vectors into real numbers.

e A covariant tensor only maps vectors.
e A contravariant tensor only maps forms.

¢ A mixed tensor maps both vectors and forms into R.

1

A tensor of rank (\1\;,) maps N one-forms and N’ vectors into R. It is usual to
say that a tensor is of rank (N + N’). A one-form, for example, is a covariant
tensor of rank 1:

(V) = vty (2.52)



Definition 2.2.2 (Tensor product)
The basis of a tensor R of rank ¢ contains a tensor product, . If 7" and S are
two tensors of rank m and n, the tensor product is defined by:

T @ S(Ul ey Uy V] seeey Up) = T (U7 eney U ) S (07 4., Up) (2.53)

where T and S are tensors of rank m and n, respectively. 7' S is a tensor of rank
(m+n).

Let R =1 S. We then have
R=Ry, p" @@ - @ul (2.54)

Notice that S @ T # T @ S. We get the components of a tensor (R) by using
the tensor on the basis vectors:

Ryopg = Rleg,onen,) (2.55)

The indices of the components of a contravariant tensor are written as upper
indices, and the indices of a covariant tensor as lower indices.

Example 2.2.1 (Example of a tensor)
Let @ and ¥ be two vectors and o and 3 two 1-forms.

R 13- SN SR 1 v oM
u=u"ey; U=uvle,; a=auw;

B = Byt (2.56)

—

From these we can construct tensors of rank 2 through the relation R = o ® ¢ as
follows: The components of R are

RIMiz — R(wh wi2)
= i @ T(wH, wH?)
= (W) (W)
= uféy (W) e, (W)

— o S,V SH2
=u O#L o

(2.57)
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2.2.1 Transformation of tensor components

We shall not limit our discussion to coordinate transformations. Instead, we
will consider arbitrary transformations between bases, {¢,} — {éy}. The
elements of transformation matrices are denoted by M ‘Z , such that

-~ = oari ' - = 4 =
€ = &M, and &, =eéuM, (2.58)

!
where M/, are elements of the inverse transformation matrix. Thus, it follows
that

M, MY = ot (2.59)

If the transformation is a coordinate transformation, the elements of the matrix
become

PR R ‘
MY = (2.60)
2.2.2 Transformation of basis 1-forms
ﬁu’ — 1 [i’ﬁu |
(2.61)

!
'ﬁ"u =M ifﬁ“

The components of a tensor of higher rank transform such that every con-
travariant index (upper) transforms as a basis 1-form and every covariant index
(lower) as a basis vector. Also, all elements of the transformation matrix are
multiplied with one another.



Example 2.2.2 (A mixed tensor of rank 3)

n 7 ! 7 l[i. ; | Y
= MG MY MY T, (2.62)

The components in the primed basis are linear combinations of the components
in the unprimed basis.

Tensor transformation of components means that tensors have a basis in-
dependent existence. That is, if a tensor has non-vanishing components in a
given basis then it has non-vanishing components in all bases. This means
that tensor equations have a basis independent form. Tensor equations are
invariant. A basis transformation might result in the vanishing of one or more
tensor components. Equations in component form may differ from one basis to
another. But an equation expressed in tensor components can be transformed
from one basis to another using the tensor component transformation rules. An
equation that is expressed only in terms of tensor components is said to be
covariant.

2.2.3 The metric tensor

Definition 2.2.3 (The metric tensor)
The scalar product of two vectors i and ¢ is denoted by g(u,7) and is defined as
a symmetric linear mapping which for each pair of vectors gives a scalar g(v,u) =

g(u.v).

The value of the scalar product g(w,7) is given by specifying the scalar
products of each pair of basis-vectors in a basis.

g is a symmetric covariant tensor of rank 2. This tensor is known as the
metric tensor. The components of this tensor are

I Q(E’H? €y) = 9 pv I (263}
-0 =g(u,v)=glue, ve,) =u"vg(e,, 6) =g, (2.64)

Usual notation:
iU = g, ut " (2.65)




The absolute value of a vector:

|l_"| =V g[l_’ ‘2-_’) Y ‘g ;wt#v” (266)

Example 2.2.3 (Cartesian coordinates in a plane)

; _’y
gxx:gyyzl- g:ey:gyxzo (267)

& =1 &-cp=r> & =0, (2.68)

The metric tensor in plane polar-coordinates:

1 0 ,
g;w - ((} ?,2) (269)



