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Final exam
Lecture spring 2019: General Relativity (FYS4160)

 Carefully read all questions before you start to answer them! Note that you
don’t have to answer the questions in the order presented here, so try to answer
those first that you feel most sure about. Keep your descriptions as short and
concise as possible! Answers given in English are preferred – but feel free to write
in Scandinavian if you struggle with formulations! Maximal number of available
points: 45.

Good luck !!!

Problem 1 (8 points)

a) State the equivalence principle as formulated by Einstein. Argue why this prin-
ciple strongly suggests to describe gravity as being geometric in nature! What is
the decisive difference to other forces of nature, e.g. the electromagnetic force?
(3 points)

b) What are the properties of Riemannian manifolds that make them particularly
suited for the geometric description of gravity? (3 points)

c) As an application of the equivalence principle, consider a general curved space-
time and an observer with 4-velocity Uµ. Show that this observer measures the
speed v of an object with 4-velocity V µ to be (2 points)

v =
√

1− (UµV µ)−2. (1)

Problem 2 (12 points)
Consider a metric given by

ds2 = −f(z)dt2 + dx2 + dy2 + dz2, (2)

where f is an unknown function so far.

a) Compute the Einstein tensor. (7 points)

b) 3 Killing vectors are particularly straight-forward to identify in this metric –
which ones ? Show explicitly that these satisfy Killing’s equation! What are the
corresponding physical quantities that are conserved along geodesics? (3 points)
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c) Now assume that the unspecified function f is given by f(z) = (1 + kz)2, with
k a real constant. Which energy/matter content is required to give rise to such
a solution? (2 points)

Problem 3 (11 points)

a) Derive the area of the event horizon of a Schwarzschild black hole. (2 points)

b) Consider two Schwarzschild black holes, well separated at the beginning, with
masses M1 and M2. Suppose they coalesce and settle down to a single non-
rotating Schwarzschild black hole with mass Mf . Gravitational waves emitted
during the process carried off an energy E.

What does Hawking’s area theorem, also known as the second law of black hole
thermodynamics, say about the total black hole surface area? Apply it to our
merger scenario to obtain a lower bound on Mf . Then use the conservation
of energy to show that the so-called radiation efficiency η = E/(M1 + M2) is
maximally 1− 1/

√
2, i.e. roughly 29 %. (4 points)

c) Derive the area of the outer event horizon of a Kerr black hole, with the metric

ds2 =−
(

1− 2GMr

ρ2

)
dt2 − 2GMar sin2 θ

ρ2
(dtdφ+ dφdt) +

ρ2

∆
dr2

+ ρ2dθ2 +
sin2 θ

ρ2

[
(r2 + a2)2 − a2∆ sin2 θ

]
dφ2, (3)

where a ≤ GM , ∆(r) = r2− 2GMr+ a2 and ρ2(r, θ) = r2 + a2 cos2 θ. Note that
in these coordinates, the event horizons occur at

r± = GM ±
√
G2M2 − a2. (4)

(2 points)

d) Imagine a Penrose process where a maximally rotating Kerr black hole is robbed
of its angular momentum. Let E be the maximum energy that can be extracted
in such a way. The efficiency of this process is defined as η = E/Mi, where Mi

is the initial mass of the black hole. Again invoking the area theorem, what is
the maximal value of η? (3 points)

Problem 4 (14 points)
This problem considers the concept of horizons in cosmology. Throughout, you can
assume a metric that to leading order describes a flat Friedmann-Robertson-Walker
(FRW) spacetime.
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a) How are the particle horizon and the Hubble horizon defined? What is their
respective physical significance? (2 points)

b) Assume that the scalefactor grows like a power-law in time, and calculate both
comoving horizons in that case! What is the result in case of an exponential
growth of the scale factor ? (3 points)

c) Sketch the evolution of the universe in big bang cosmology in the plane sho-
wing comoving distances vs. the scalefactor (which you can think of as a time
parameter). Use this sketch to explain why the existence of perturbations to the
FRW metric seem to imply the violation of causality, and how an early period
of cosmological inflation evades this problem. Use these considerations to derive
the condition for inflation to take place. (5 points)

d) In the lecture we learned that the curvature perturbation in comoving gauge is
given by R ∝ (aH/k)2 δk. Use this to express the time-dependence of density
fluctuations on super-horizon scales as a function of the scalefactor, i.e. δk =
δk(a), during both radiation and matter domination! Inflation typically produces
a spectrum that, for any given time and all perturbations that have already left
the horizon, can be written as 〈δkδ∗k′〉 ∝ kn δ(3) (k− k′), where n ≈ 1. How
does the spectrum scale with k when instead evaluated at the time of horizon
(re-)entry of scale k? Calculate the density perturbation spectrum in real space,
〈δ(x)2〉, and demonstrate why such a spectrum is referred to as ‘scale-invariant’ !
[For the last step, you can assume for simplicity that the resulting final integral over k is dominated by the

contribution from k ∼ 1/R, where R is the radius of the physical region comprising the overdensity; a more

proper way to treat this – resulting in the same conclusion – would be to explicitly smooth the perturbation

δ(x) over the scale R.] (4 points)

Useful formulae

Γµρσ =
1

2
gµν (gρν,σ + gσν,ρ − gρσ,ν) (5)

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ , (6)
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