
Solutions [and grading guidelines] to final exam in
FYS4160

[General grading guidelines: Stated points are given for arriving at the re-
spective expression in a fully satisfactory way. Whole point subtractions
for bad logic, physically wrong statements or expressions that are physically
wrong (e.g. wrong dimensions)! ‘Obvious’ small math errors (e.g. wrong
prefactors) only 0.5 pt. When possible, no subtraction for follow-up mis-
takes. Up to 1 extra point for outstanding explanations or demonstrating
special insight (but this cannot result in more points than available for a
given problem).]

Problem 1
a) According to the Equivalence principle, the effect of gravity is locally indistinguish-
able from acceleration. In particular, there are no tidal forces (i.e. any change in the
gravitational field between the top and bottom of the slinky can be neglected), such
that all parts of the slinky are affected in the same way by gravity / the acceleration of
the reference frame. This implies that the relative motion between the top part of the
slinky (T ) and the bottom part of the slinky (B) is the same in all frames [1 pt]. So
let us consider the situation in the free-fall frame, after the slinky is released, which
is accelerated wrt. the ’Earth frame’ with an acceleration of −g (i.e. downwards).
In this frame, in the absence of gravity, the initially elongated slinky will obviously
contract symmetrically, due to the spring tension, and then stay at rest in a fully
collapsed state [1 pt]. Furthermore, the string tension must lead to an acceleration
of both T and B with a magnitude of g (we know that B is at rest in the Earth frame
initially, i.e. the acceleration due to the string tension must exactly balance that due
to gravity) [1 pt]. Transforming back to the Earth frame thus leads to aB = 0 and
aT = −2g before they meet, and aT = aB = −g afterwards [1 pt].

b) The motion of a test particle in both special (SR) and general relativity (GR) is
given by the geodesic equation:

d2xµ

dτ 2
+ Γµρσ

dxρ

dτ

dxσ

dτ
= fµ , (1)

where τ is the eigentime (or an affine parameter) and fµ = 0 if there is no external
force. The difference is that in SR the metric is always that of flat spacetime (though
it might be expressed in ‘strange’ coordinates, such that it does not take the form
of the Minkowski metric). In SR, furthermore, gravity would appear as an external
force with fµ 6= 0 (though it turns out that it is not possible to consistently construct
such a 4-vector), while for GR the effect of gravity is fully included in the left-
hand side of the geodesic equation (by allowing for non-flat spacetimes). [1 pt for
geodesic equation for GR, and another one for SR. 1 pt for pointing out
the difference.]

c) The stated expression must depend on the frame because it contains a non-tensorial
quantity, namely the energy E of the particles [1pt]. Already in flat space-time the
expression is only valid in the plasma rest frame [0.5 pt], so a Lorentz-invariant
version must involve the 4-velocity of the plasma uµ. In the plasma rest frame, in
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particular, we have uµ = (1,0) in Minkowski space; since pµ = (E,p) = mvµ, we can
thus make any function of E Lorentz-invariant by the replacement E → u · v [1 pt].
The equivalence principle then implies that the ‘same’ replacement should be done
to guarantee general coordinate invariance, and incorporate the effect of arbitrary
spacetime geometries, just that now u · v = gµνu

µvµ instead of u · v = ηµνu
µvµ [1 pt].

In summary, the distribution function takes the form [0.5pt]

f(pµ) =
1

e(u·v−µ)/T ± 1
. (2)

Problem 2
a) We write T (t, r) = t+ψ(r). This means we can write dT = dt+ψ′dr and replacing
dt2 we find [1 pt].

ds2 = −f(r)dT 2 + 2f(r)ψ′dTdr + f(r)−1
(
1− f(r)2ψ′2

)
dr2 + r2dΩ2 . (3)

Choosing C(r) = f(r)ψ′ [0.5 pt] gives the desired result and the function C(r) is
completely arbitrary because ψ(r) is arbitrary [0.5 pt].

b) We want grr = f(r)−1 (1− C(r)2) = 1. For these so-called Painlevé-Gullstrand
coordinates we thus have to set C(r) =

√
1− f(r). We are thus left with [1 pt]

ds2 = −f(r)dT 2 + 2

√
2GM

r
dTdr + dr2 + r2dΩ2 (4)

Since f(r) is finite for any r > 0, with f(2GM) = 0, all metric components gµν are
finite for r > 0 in these coordinates (unlike the case for the (t, r) -coordinates) [1 pt].
In addition to that we also notice that the determinant of the metric is [1 pt each
for the two factors]:

det (gµν) = det

(
−f

√
2GM/r√

2GM/r 1

)
× det

(
r2 0
0 r2 sin2 θ

)
(5)

=

(
−f(r)− 2GM

r

)
r4 sin2 θ = −r4 sin2 θ , (6)

which is non-vanishing for any r > 0 – unless θ = 0 or θ = π. These two coordinate
singularities arise because polar coordinates do not cover the north- and south pole
of the unit-sphere S2 (at these points, the map to R2 would no longer be bijective); in
general, it is impossible to cover S2 with only one chart and such a coordinate singu-
larity must thus arise in at least one point [1 pt for any reasonable explanation].

c) Choosing C(r) = 1, the metric becomes :

ds2 = −f(r)dT 2 + 2dTdr + r2dΩ2 , (7)

which is – after renaming T (t, r) to v(t, r) – the metric in Eddington-Finkelstein
coordinates [1 pt]. We can also check explicitly that the coordinate transformation
is indeed also the same [1 pt]:

C(r) = 1 ⇔ ψ′(r) =
1

f(r)
⇔ ψ(r) = r∗ + c . (8)
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This implies [1 pt]
T (t, r) = t+ ψ(r) = t+ r∗ = v(t, r) , (9)

where we absorbed the integration constant c in the second step in a re-definition
(coordinate transformation) of the time variable by a constant shift, t→ t− c [0.5 pt
subtraction if no argument is given why one can take c→ 0].

Problem 3
a) In lectures 14 & 15 we have seen that extremizing the Einstein-Hilbert action plus
a matter term gives rise to the field equations

Gµν + Λgµν = 8πGTµν , (10)

with Tµν in the specific form stated in the problem [1 pt]. Further, ∇µgµν = 0 because
of metric compatibility [0.5 pt] and ∇µGµν = 0 as shown in lecture 11 [0.5 pt].
Hence, ∇µTµν = (∇µGµν + Λ∇µgµν) /(8πG) = 0 [1 pt].

b) In Minkowski space, the corresponding equation, ∂µTµν = 0, is a conservation
equation – or indeed, four equations (one for each value of ν), signifying the conser-
vation of total 4-momentum Pν =

∫
d3xT0ν [1 pt]. Due to the equivalence principle,

Eq. (5) in the exam thus has the same significance locally [1 pt]. In general / globally,
however, this equation is not a conservation equation any more – instead, the existence
of conserved quantities is subject to the existence of Killing vectors, i.e. spacetime
symmetries [1 pt]. Energy, e.g., is only conserved in spacetimes with a global time-like
Killing vector.

c) We first compute [1 pt]

∂

∂gµν
FαβF

αβ =
∂

∂gµν
(
gαγgβδFαβFγδ

)
= 2gβδFµβFνδ = 2FµδF

δ
ν . (11)

Next, we recall from the lecture that [1 pt]

∂

∂gµν
√
−g = −1

2

√
−ggµν . (12)

Collecting terms, we thus obtain for Lm = −1
4
FαβF

αβ [1 pt]:

Tµν ≡ −
2√
−g

∂ (
√
−gLm)

∂gµν
= −2

∂Lm

∂gµν
− 2Lm√
−g

∂
√
−g

∂gµν
= FµδF

δ
ν −

1

4
gµνFγδF

γδ . (13)

d) We compute, using ∇αF
αλ = 0 from Maxwell’s equations,

∇αT
αβ = ∇α

(
Fα
λ F

βλ − 1

4
gαβFλρF

λρ

)
= Fα

λ∇αF
βλ − 1

2
Fλρ∇βF λρ

= Fαλ

(
∇αF βλ − 1

2
∇βFαλ

)
=

1

2
Fαλ

(
∇αF βλ −∇αF λβ −∇βFαλ

)
[2 pt]
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Using the anti-symmetry of F , one can write this as [1 pt]

∇αT
αβ = −1

2
Fαλ

(
∇λF βα +∇αF λβ +∇βFαλ

)
= 0

Problem 4
The production of gravitational waves is proportional to the 2nd time derivative of
the quadrupole tensor Iij, so we first need to compute [1 pt]

Iij ≡
∫
d3x xixjT

00 . (14)

Let us choose a coordinate system with the origo as collision point, such that the
position of the ISS is given by xI = (xI , 0, 0) and that of the Chinese station at
xC = (−xI , 0, 0). Describing the two stations as point masses, their (rest mass M)
energy density is given by [1 pt]

T 00 = Mδ(x2)δ(x3)
{
δ(x1 − xI) + δ(x1 + xI)

}
. (15)

With
∫
dy δ(y)yn = 0 for n = 1, 2 (and likewise for y → z), we thus get [2 pt]

I11 = M
{
x2I + (−xI)2

}
= 2Mx2I , (16)

Iij = 0 for all other i, j . (17)

In the trace-reversed gauge, the GW amplitude at the surface of the Earth is therefore
given by [1 pt]

h̄11 =
2G

d
Ï11 =

8GM

d
∂t(xI ẋI) =

8GM

d
(ẋ2I + xI ẍI) , (18)

where d = 400 km is the height of the space stations.
For a constant deceleration a, both terms decrease monotonically, after the onset

of the collision. In particular, starting from an initial velocity v0 means that the center
of each space station only comes to full rest after a time ∆t = v0/a and still moves
by ∆x = v0∆t − a(∆t)2/2 = (v0)

2/(2a) during the process. The initial (and hence
maximal) value of the parenthesis is thus given by (ẋ2I + xI ẍI) = 3

2
v20, independently

of the acceleration rate [1 pt].
Plugging in numbers, and being careful with units (note in particular the factor

of c4 required to make the expression dimensionless), we thus expect an amplitude
of [1 pt for correct order of magnitude; -1 pt if result is not dimension-less
(and this is not noticed)]

h̄11 =
12× 6.7 · 10−11m3kg−1s−2 × 4 · 105kg

4 · 105m× (c = 3 · 108m/s)4
×
(

3 · 104 m

3.6 s

)2

≈ 7 · 10−36 . (19)

This is about 14 orders of magnitude below the strain of 10−21 corresponding to the
first LIGO event discussed in the lecture – and hence for always unobservable [1 pt].
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Assuming that a future space-based observatory could achieve a sensitivity of 3 orders
of magnitude better than that, it would still have to be located closer by a factor of
about 1011 – and hence at a completely unrealistic distance of a few µm [1 pt].

Problem 5
The figure shows the evolution of density perturbations in the linear regime for DM
(δχ), baryons (δb) and photons (δr), based on the discussion in lecture 29, slides 6&7,
indicating also the transition to non-linear perturbations (δ & 1) at late times [1 pt
for each correct line]. The dashed line shows the evolution of the baryon com-
ponent without the presence of DM [1 pt]. The point is that the normalization at
decoupling (when the CMB photons are released) is fixed to a level of 10−5 by CMB
observations; without the presence of gravitational potentials built up by the DM
component, the baryon component could only grow by a factor of 1/aCMB ∼ 103 by
today and would hence still be in the linear regime – in stark contrast with the amount
of (collapsed, i.e. highly non-linear) structures we see in the Universe today [1 pt for
any reasonable explanation that is not a mere copy of what is stated on
the lecture slides].
At earlier times, or scales closer to the horizon, the density contrast becomes strongly
dependent on gauge transformations; in the Newtonian gauge, e.g., it would be ex-
actly constant for all components outside the horizon [1 pt]. Baryons are coupled to
photons before decoupling, whose perturbations remain at a level that is roughly in-
dependent of the scale; dark matter, on the other hand, grows logarithmically during
radiation domination from the time a given mode enters the horizon. In other words,
the smaller the scale, the larger δχ [1 pt]. For scales that enter the horizon after
recombination, dark matter did not have time to build up any gravitational potentials;
the density contrast in baryons will thus be at the percent level (for perturbations en-
tering around CMB times, following the argument above) down to as small as 10−5

(for perturbations on a scale corresponding to the entire observable universe) [1 pt].
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