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PROBLEM 1

Unusual geodesics in the Schwarzschild geometry

The Schwarzschild geometry is given by the line element

2GM 1
ds?=—(1- dt? + e dr? 4 r2d0
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and describes the spacetime around a point mass M.

a) How many Killing vectors are there in the Schwarzschild geometry? Describe the sym-
metries corresponding to these Killing vectors, and give explicit expressions for two of
the Killing vectors in the coordinate basis.

Solution: There are 4 Killing vectors, corresponding to time translation and rotations
around the three coordinate axes. The metric components in the given coordinates are
independent of ¢ and ¢ and the corresponding tangent vectors are Killing vectors. They
are for time translation K* = (0;)" = (1,0,0,0) and for rotation around the z-axis

RF = (04)* = (0,0,0,1).
b) Explain why the quantities

E:(1_2GM> dt and LITQ@

r dr dr

where 7 is proper time, are conserved along geodetic curves.



Solution: The conserved quantities corresponding to the Killing vectors are given in

terms of the four-velocity u* = % as
2GM\ dt
E=- F=11- —
ntt ( r ) dr
and i
L = R,u" = 7’2%.

Show that the radial motion of a free falling particle is equivalent to the non-relativistic
motion of a particle of unit mass in the potential

GM [ GMIL?
Ur)=-——+55-—35

Solution: We know that the trajectory will lie in a plane, and choose this to be the
¢ = 7/2-plane. We then have that

2GM \ . :
yutu” = — (1 — 2t %t = 1
In ( r ) 1z 2GM/r e
where 7 = CZ”—:. Using the conserved quantities to eliminate ¢ and ¢ we get
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which is the conservation of energy of the non-relativistic motion of a particle of unit

mass in the potential U(r).

Explain how one could have a particle falling in from infinity, circle the black hole
once (not at a constant radius) and then continue to infinity with the final asymptotic
velocity parallel to the initial velocity. Explain what property of the potential U(r)
makes this possible in the relativistic case while there are no similar trajectories in
Newtonian gravity.

Solution: The potential U(r) has the form
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A particle with an energy that is a little bit less than the peak in the potential will
turn very slowly, and therefore spend a long time close to the minimal radius. This
gives it time to circle the black hole before returning to infinite r. The exact amount
of circling, and therefore the exit direction, will depend on the energy. The closer to
the peak, the longer it will cirlce. Choosing the right energy, we can get it to exit in
the same asymptotic direction as it came in. In Newtonian gravity, the potential is
—G,,{V[ + %, so the the term —G%LQ which causes the potential to go to —oo at small
r is absent. So the potential does not have any maximum, but rises to +o0o at small r.
Therefore, there are no trajectories with very slow turning of the radial motion at the

minimal r, and therefore no such circling trajectories.

The once-encircling trajectory described in the previous question can only exist for
angular momenta satisfying L > SGM for some value of the dimensionless number f3.
Demonstrate this and find the value of 5.

Solution:  Since lim, o U(r) = 0 a particle coming in from infinity must have a
positive energy. Therefore the turning and return to infinity can only happen if the
peak of the potential is at positive energy. When L is too small, the peak is at negative
energy (or disappears completely). To find the minimal L, we require that U(r) = 0
and U'(r) = 0. This gives two equations for the unknowns r and L which we solve to
find L =4GM.

Can one have trajectories circling the black hole more than once before continuing to
infinity? You are not required to find any expression for the trajcetories, but give a clear
explanation supported by estimates justifying existence or non-existence of trajectories
with a given number of circlings.

Solution: As discussed above, the closer the energy is to the peak of the potential,
the longer time it will spend in turning the radial motion, and the more time it will
have for circling. We will show that there is no limit to the number of circlings that
can take place. Let r_ be the position of the maximum of the potential and rq be the
closest approach of the trajectory. Let 7 > ry be any fixed radius outside the turning
point. The equation of motion is
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which we integrate from the turning point 7o to get the time ¢ to reach the fixed radius

r,

_ /’_' dr
o V2E-U))
Close to r_ we approximate the potential to second order, U(r) ~ U(r_)— A(r—r_)? for

some constant A. Then & — U(r) ~ A[(r —r_)* — (ro — r_)?], and changing integration
variable to x = r — r_ we get

_ 1 /x dx 1 /“ du
t: pr—
V2A Joy 22—t V2A 1 Vur-1
where z = rF—r_, xg =19—7_, u = x/xg and u = T/xy. Asry — r_ we have zo — 0 and

4 — oo. At large u the integrand is approximately 1/u, and we get that t ~ Inu which
diverges as 4 — oo. Since ¢ = L/r? is approximately constant during this time (as long

as we choose 7 close to 7¢) the total angle rotated, A¢ = fot ¢dt, can be arbitrary large.

PROBLEM 2

Conformal diagram of a collapsing shell

horizon

in-falling
shell of photons

The figure above shows the conformal diagram of a thin spherical, non-rotating shell of
radiation collapsing to form a black hole.

a) Indicate in the diagram where you will find past and future timelike infinity, past and
future null infinity and spacelike infinity.



Solution:

horizon

in-falling
shell of photons

?

b) For a free-falling observer at the event A, describe the gravitational field that this
observer will observe at that time.

Solution: Being inside the collapsing shell, there will be no gravitational effect.
Spacetime is Minkowski.

¢) Describe possible future worldlines of massive particles starting from the event A. Which
future infinites can be reached? Illustrate your answer in the diagram.

Solution:

The shaded region shows the future lightcone of the point A. All possible future world-
lines lie within the lightcone. No asymptotic future infinites can be reached, the world
lines will end at the singularity.
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PROBLEM 3

Energy loss from the Earth’s orbit due to gravitational waves

An accelerated mass, like a planet in orbit around a star, will emit gravitational waves and
thereby loose energy. We will calculate this energy loss and estimate the effect of this on
the Earth’s orbit.

a) Show that the quadrupole tensor of a planet of mass m in a circular orbit of radius R
around a star of mass M takes the form

I, = acos®wt
I

9y
I, = acoswt sinwt

= asin® wt

where w is the orbital angular frequency, and determine the parameter a. Assume that
M > m.

Solution: For all planets around normal stars, the orbit will be very close to the
Newtonian orbit, so we can use this when finding the motion of the planet. Let the
z-axis be normal to the orbital plane. The position of the planet is

() = R(coswt, sinwt, 0)
aM

‘R%
md (7 — 7,) from which we find the nonzero components of the quadrupole tensor

where w = is the orbital angular frequency. The energy density is Tpo(7) =

1

I, =m / dPra*d(z — rp,) = mR? cos® wt = §mR2(1 + cos 2wt),
1

I, = mR?sin® wt = §mR2(1 — cos 2wt),

1
I, = mR? cos wt sin wt = §mR2 sin 2wt.

b) Describe the polarization of the gravitational wave emitted in the direction perpendic-
ular to the orbial plane of the planet.

Solution: The trace reversed metric perturbation is given by
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To find the polarization, we should convert to the transverse traceless gauge, but in this
case it is already on that form. The wave is an equal combination of +- and x-polarized
waves. Since there is a 90° phase shif, it means that it is circularly polarized.

Show the radiated power of gravitational waves is given by an expression of the form
P = fm?R*w® and determine the parameter 3.

Solution: The general expression for radiated power is

p=< < Ty ”>
with the reduced quadrupole tensor

1 1 % + cos 2wt sin 2wt 0
Jij = Iy — g(sij],’j — §mR2w3 sin2wt  § — cos2wt 0
0 0 0

We then get

16G
P = ?m2R4w6 <2 sin? 2wt + 2 cos® 2wt> .

Since (sin’ 2wt) = (cos? 2wt) = 1 we get

32G
P = = m? R4,

Estimate the time until the Earth will hit the Sun and evaluate an approximate nu-
merical estimate from your expressions (The mass of the Sun is M = 2-10% kg, the
mass or the Earth is m = 6 - 10?* kg and the distance from the Sun to the Earth is
Ry = 1.5-10" m. The gravitational constant is G = 6.67 - 10" m?3/kg s*.)

Solution: Appoximating the motion of the planet as Newtonian, we have that the
energy of a circular orbit of radius R is

GMm
B=-—"""
¢ 2R



Equating the rate of energy change with the radiated power, we get

. GMm 32G 32G* 1
E: :—P:—— 246:—— 2M3_
c SRz R £ m R'w =—m =5
where we used that w = %. We rewrite this as
B 64G* 2 L
-5 R

With the initial radius as Ry and the radius when the planet merges with the star as
R,,, we solve this to get the time of merger as

-2
 256G3mM?
For the Earth at present Ry > R,,, and we have approximately

tm Ry — RY).

5 Ry

~ ~ 1023
X eI 1077 years.

b

where we retored the appropriate factors of ¢ by dimensional analysis.

PROBLEM 4

Comoving coordinates

In cosmology, we usually use comoving coordinates where the coordinates of mass points of
the cosmic fluid are time independent. Such coordinates can also be constructed in more
general cases, where the spatial geometry is not homogeneous or isotropic.

Assume the metric has the form (i, 5 = 1,2, 3 are spatial indices)
ds® = —dt* + g;jda'da’.

Show that comoving (stationary) observers are free-falling and that ¢ is the proper time of
such observers.

Solution: A stationary observer has position z# = (¢, z(0)) which gives the four-velocity
ut = (j—i, 0,0,0) where 7 is proper time. This should be normalized so that —1 = g, u#u” =

900 (%)2 which gives j—j =1, so t is proper time. The geodetic equation is



where the Christoffel symbols are

1
Il = §Q’M(5agm + 9pgar — Orgap)
For stationary observers, the relevant components are

1
[ = §9M(23090A — Oxgoo) = 0.

Since d;‘—: = 0 for comoving observers, they satisfy the geodetic equation and are therefore

free-falling.
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