
Problems for FYS4170; 2005
(Version of november 18th, 05)

Problem 1

Given the Dirac Hamiltonian HD = αjpj + βm, where pj = −i∇j and
the angular momentum components Lk = εkln xl pn. Show the commutator
relation

[HD, Lk] = −i εklnαl pn . (1)

We define the operator(s)

Σk =

(
σk 0
0 σk

)
= γ5 αk . (2)

Note that this relation is independent of representation. In the Pauli rep-

resentation, one has γ5 =

(
0 1
1 0

)
, and γ5 =

(
1 0
0 −1

)
in the

Kramer-Weyl representation. The matrix γ5 is pseuodoscalar in the sense
that γ5 ∼ εµνσργ

µγνγσγρ with (γ5)2 = 1. Show that

[HD,Σk] = +2i εklnαl pn , (3)

such that Jk = Lk + Σk/2 commutes with HD.

Comment: This shows (-in contrast to the non-relativistic case) that
the (orbital) angular momentum and the spin cannot be quantized separately
together with the Hamiltonian. This means that when we in the next problem
(Problem 2) talk about the spin quantum number, it has to be intepreted as
for instance the spin in the rest frame or the helicity. (Note that the helicity,
that is, the total angular momentum along the momentum, commutes with
the Dirac Hamiltonian). Note that γ5 anti-commutes with the four Dirac
matrices γµ.

Problem 2

Given the explicite expressions for the plane wave solutions of the Dirac
equation (in the Pauli representation)

ψ(+)
pσ =

1√
2EpV

uσ(p)e−ip·x , ψ(−)
pσ =

1√
2EpV

vσ(p)e+ip·x , (4)

where u- and v-spinors are given by:

uσ(p) =
√
Ep +m

(
χσ

σ·p
Ep+m

χσ

)
, vσ(p) =

√
Ep +m

( σ·p
Ep+m

χσ
χσ

)
. (5)

Note that Ep =
√
p2 + m2, p · x = Ept − p · x , and χσ are Pauli-spinors

satisfying χ†σχσ′ = δσσ′ , where σ, σ′ is a spin quantum number.
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Show that the plane wave solutions satisfy the ortogonality relations

(ψ(ε)
pσ , ψ

(ε′)
p′σ′)V =

∫

V
d3x

(
ψ(ε)
pσ (x)

)†
ψ

(ε′)
p′σ′(x) = δεε′ δpp′ δσσ′ . (6)

For the u and v spinors, show that:

∑

σ

uσ(p)uσ(p) = γ · p+m ;
∑

σ

vσ(p)vσ(p) = γ · p−m . (7)

Without summing over the spin quantum number σ = ±1/2 one has

uσ(p)uσ(p) =
1

2
(1 + 2σγ5γ · n) (γ · p+m) , (8)

where n is a four vector obtained by a boost of the unit vector along the spin
quantization axis in the rest frame. Show this relation (Hint: Start in the
rest frame).There is a similar relation for vσ(p) with m→ (−m).

Comment: Note that there are several conventions for normalization
of plane wave solutions of the Dirac equation. In equation (6) the volume
V is in principle finite. Thus, the momentum eigenvalues are in principle
discrete, but it has no practical consequences because V is “big”. We have
the following conversion rule between the discrete and continous case:

1

V

∑

k

←→
∫

d3k

(2π)3
(9)

When we derive the general formulae for the cross section and the decay
rates, the “reaction volume” V is a useful auxilary quantity. The relations
(7) and (8) will together with problem 3b and problem 5 be useful when
we later calculate cross sections and decay rates.

Problem 3

Let ψi(x) og ψf (x) be plane wave solutions for the Dirac equation with
momenta pi og pf and masses mi and mf where mi 6= mf .

We define the transition currents jµfi ≡ ψfγ
µψi (vector) and aµfi ≡ ψfγ

µγ5ψi
(axial vector).

Comment: Transition currents are involved in the probabillity ampli-
tude of all types of processes in particle physics. Their appearance is closely
related to the Feynman diagrams for the given processes.

a) Use the Dirac equation to find ∂µj
µ
fi and ∂µa

µ
fi expressed by the “den-

sities” ψfψi and ψfγ5ψi.

Comment: Note that the divergence of the vector current is zero for
equal masses, while the divergence of the axial current is zero only in the
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limit of zero fermion masses. (This limit is called the chiral limit and plays
an important role in particle physics.)

b) Show that
(
jµfi
)∗

= jµif and
(
aµfi
)∗

= aµif

Comment: When the probabillity amplitude is proportional to jµfi, the
probabillity (given through cross section or decay rate) is in addition pro-
portional to (jµfi)

∗, and therefore also be proportional to ψiψi. Thus, if one
sums over polarizatiion, the relations (7) can be used. Furthermore, the trace
calculations of problem 5 will be useful.

c) One defines σµν = i[γµ, γν]/2. Use the Dirac equation to show that

iψfσ
µνψi (pf − pi)ν = −ψfψi (pf + pi)

µ + (mf + mi)j
µ
fi , (10)

i.e. that the current can be split in a “charge part” and a “magnetic part”
(The Gordon splitting of the vector current). Show also that:

iψfσ
µνγ5ψi (pf − pi)ν = −ψfγ5ψi (pf + pi)

µ + (mf −mi)a
µ
fi . (11)

Comment: A priori, 1, γµ, and σµν are linearly independent matrices.
However, sandwiched between Dirac spinors, there are according to (10) only
two independent current terms left (when the current is conserved).

Problem 4

a) Let L ≡ 1
2
(1− γ5) and R ≡ 1

2
(1 + γ5). Show that:

L2 = L , R2 = R , RL = LR = 0 , L + R = 1 . (12)

Let ψL ≡ Lψ and ψR ≡ Rψ where ψ is a Dirac spinor. Show that:

ψL = ψR , ψR = ψ L (13)

Let ψa,b be two (arbitrary) Dirac spinors. Show that

ψaLγ
µψbL = ψa γµ Lψb , ψaRγ

µψbR = ψa γµRψb , ψaψb = ψaL ψ
b
R + ψaR ψ

b
L .

(14)

b) Consider the free particle Dirac spinors uλ(p) and vλ(p) for positive and
negative energy, respectively. For the case m = 0, show that vλ(p) = 2λ uλ(p)
for quantized helicity λ = ±1/2. (We assume that the Pauli spinors χλ in
u and v satisfy σ · p̂χλ = 2λχλ where p̂ ≡ p/|p|.). Show that γ5 uλ(p) =
2λ uλ(p), and that Luλ(p) = 0 for λ = +1/2 and Rvλ(p) = 0 for λ = −1/2.

Comment: For the zero mass case there are only a need for two com-
ponents, as is seen from the Dirac Hamiltonian. If we use a four component
formalism, which is practical in order to write down transition currents (for
e− → νe, say), half of the components are superfluous. By convention the
neutrino is purely left-handed and the anti-neutrino purely right-handed in
the limit of zero neutrino mass.
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Problem 5

a) Show that the trace of a product of an odd number of γµ matrices is
zero

b) Find an expression for Tr (γµγν).

c) Find an expression for Tr (γµγνγσγρ).

d) Let u1 and u2 be Dirac spinors and N some product of γ matrices.
Show that

u1Nu2 = Tr [N(u2ū1)] (15)

e) Let jµ(p′σ′; pσ) = uσ′(p′) γµ uσ(p). Find the tensor

tµν(p
′, p) =

1

2

∑

σ,σ′
jµ(p′σ′; pσ) jν(p

′σ′; pσ)∗ . (16)

expressed by p, p′ and m by using results from problem 3 and trace formulae
above.

f) Find the expressions for Tr (γ5 γ
µγν) and Tr (γ5γ

µγνγσγρ).

g) Find an expression for the tensor tµν above if γµ is replaced by γµL in
the current jµ (i.e. if the current is left-handed).

Comment: Cross sections and decay rates will be proportional to such
tensors tµν . Therefore calculations of traces of γ matrices are important,
as it simplifies the calculations considerably, and keep them at a covariant
level. It should also be noted that there are algebraic coputer programs
which calculates traces of γ matrices. These are useful when the number of
γ matrices to be taken trace of exceeds four, say.

The output of such a program looks like this:
(Note that the sign * in front of a line means that the program ignores

this line.)

FORM version 2.3 Dec 9 1997

*Program for calculation of the tensor tµν
* Name of program: tmunutens.form
Vector k1,k2,k,q,r;
Indices u,v;
*u and v means the indices µ and ν respectively. m is the mass
Symbol m;
Function T;
.global

Nwrite statistics;

Id T(k?) = g (1,k)+m*gi (1);
*g (1,u) means the γµ matrix. g (1,k) means γ · k,
*and gi (1) is the unit (Dirac) matrix. d (u,v) means gµν.
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*Tensor tµν as trace of γ matrices:
Global Tr=(1/2)*g (1,u)*T(k1)*g (1,v)*T(k2);
trace4,1;
print Tr;
.sort

*(The following formula for Tr is only in the output version)
Tr =
2*k1(u)*k2(v) + 2*k1(v)*k2(u) + 2*d (u,v)*mˆ 2 - 2*d (u,v)*k1.k2;

Id k1= (r+q)/2;
Id k2= (r-q)/2;
print Tr;
.sort

*(The following formula for Tr is only in the output version)
Tr =
- q(u)*q(v) + r(u)*r(v) + 2*d (u,v)*mˆ 2 + 1/2*d (u,v)*q.q - 1/2*d (u,v)*r.r;

.end
*NB! To get the output you must run the program ”tmunutens.form” at
* the machine ”aksion” with the command:
* ”form tmunutens.form > ! tmunutens.ut”

Problem 6

The polarization four vector for a vector boson with momentum q =
(q0; q), mass M , and helicity λ, is written ε(q, λ), and is given by:

ε(λ = ±1) = (0; ε(λ)) , ε(λ = 0) =
1

M

(
|q|; q0q̂

)
, (17)

where q · ε(λ) = 0, and also q · ε(λ) = 0, where q̂ = q/|q| is the unit vector
along the three momentum q. In the frame where q̂ is along the z-axis,

ε(λ = ±1) =
−λ√

2
(1, λi, 0) , (18)

classically corresponding to right- and left-handed polarized light, respec-
tively. Alternatively (and equivalently) one might use cartesian polarizations
ε1 = (1, 0, 0) and ε2 = (0, 1, 0), respectively. Show the relation:

∑

λ

ε(q)µ [ε(q)ν]∗ = − gµν + qµqν/M2 . (19)

In this relation, ε may be intpreted as a (standing) coloumn and ε∗ as a
(lying) row.

Comment: The probabillity amplitude for a process where a massive
vector particle is decaying or produced will be proportional to the polariza-
tion vector ε(λ). The probability for the process will then be proportional
to the quantity in (19), which is the massive vector boson analogue of the
equations(7) and (8).
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Problem 7

Let the Lagrangian density for a neutral vector field Vµ be

L = − 1

2
(∂µVν)(∂

µV ν) +
1

2
(∂µV

µ)(∂νV
ν) +

1

2
m2 VµV

µ , (20)

where m is the mass of the particle. Use the Euler-Lagrange equations to
show that (for m 6= 0)

∂µ ∂
µV ν + m2V ν = 0 ; ∂µVµ = 0 . (21)

Problem 8

Start with the fourier expansion of the Klein-Gordon field(s)

φ(x) =
∑

k

(
ak ϕ

(+)
k (x) + b†k ϕ

(−)
k (x)

)
,

φ(x)† =
∑

k

(
bk ϕ

(+)
k (x) + a†k ϕ

(−)
k (x)

)
, (22)

where the plane wave solutions of the Klein-Gordon equations are:

ϕ
(±)
k (x) =

1√
2ωkV

e∓ik·x , (23)

with ωk =
√
k2 +m2. Then (as seen in the lectures) we have:

ak = (ϕ
(+)
k , φ) , a†k = (ϕ

(−)
k , φ†) ,

bk = (ϕ
(+)
k , φ†) , b†k = (ϕ

(−)
k , φ) , (24)

where the scalar product for two solutions φ1 and φ2 is

(φ1 , φ2) = i
∫
d3x

(
φ†1(∂tφ2) − (∂tφ

†
1)φ2

)
. (25)

Use the expressions in (24) and similar for bk and b†k and the fundamental
Klein-Gordon field commutators given in the lectures and in the textbook(s)
(eqs. (2.108) in QP and eqs (3.7) and (3.26) in MS), i.e.

[φ(x) , π(x′)]t=t′ = iδ(3)(x− x′) (26)

and so on to prove the commutator relations for the annihilation and creation
operators like:

[ak , a
†
k′] = δk , k′ , (27)

and so on, as given in the textbook(s) (eqs. (2.109) in QP, except for the
continuous convention, and eqs. (3.28) in MS)

Comment: In the lectures it was shown that (26) is valid if (27) is
assumed.
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Problem 9

We define positive and negative frequancy parts of the complex Klein-
Gordon field:

φ(x) = φ(x)(+) + φ(x)(−) ; φ†(x) = φ†(x)(+) + φ†(x)(−) , (28)

and similarly for the Dirac field (α = 1, 2, 3, 4.):

ψ(x)α = ψ(x)(+)
α + ψ(x)(−)

α ; ψ(x)α = ψ(x)
(+)

α + ψ(x)
(−)

α , (29)

where the positive (+) and negative (−) frequancy parts contain annihilation
(destruction) and creation operators respectively.

a) Derive expressions (in terms of integrals over momentum) for the com-
mutator functions for arbitrary times (x0 6= y0):

i∆(+)(x− y) = [φ(x)(+) , φ†(y)(−)] = 〈0|φ(x) φ†(y) |0〉
i∆(−)(x− y) = [φ(x)(−) , φ†(y)(+)] = −〈0|φ†(y) φ(x) |0〉 , (30)

where |0〉 is the vacuum state. Note the following symmetry:

i∆(−)(x− y) = −∆(+)(y − x) , (31)

and note the following useful relation:

i∆(±)(x− y) =
∑

k

ϕ
(±)
k (x)

(
ϕ

(±)
k (y)

)∗
, (32)

b) Similarly, for the Dirac case, derive the anti-commutator functions

iS(+)(x− y)αβ = {ψ(x)(+)
α , ψ(y)

(−)

β } = 〈0|ψ(x)α ψ(y)β |0〉 ,
iS(−)(x− y)αβ = {ψ(x)(−)

α , ψ(y)
(+)

β } = 〈0|ψ(y)β ψ(x)α |0〉 , (33)

where {A,B} ≡ AB + BA. Note that the fourier expansions of the Dirac
field(s) are written in analogy with (22) :

ψ(x)(+) =
∑

pσ

cpσψ
(+)
pσ (x) , ψ(x)(−) =

∑

pσ

d†pσψ
(−)
pσ (x) ,

ψ(x)
(+)

=
∑

pσ

dpσψ
(−)
pσ (x) , ψ(x)

(−)
=
∑

pσ

c†pσψ
(+)
pσ (x) . (34)

In terms of the plane waves in (34) defined in (7) and (8), show that

iS(±)(x− y)αβ =
∑

pσ

ψ(±)
pσ (x) ψ

(±)
pσ (y) , (35)

and in addition, show that

S(±)(x− y)αβ =
(
iγ · ∂(x) + m

)
αβ

∆(±)(x− y) , (36)
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where ∂(x) denotes the derivative with respect to the x coordinates.

c) Let T define a time ordered product such that

T (A(t1)B(t2)) = θ(t1 − t2)A(t1)B(t2) ± θ(t2 − t1)B(t2)A(t1) (37)

for bosonic (+ sign) fields and fermionic (- sign) fields respectively.
For the Klein-Gordon case, show that

i∆F (x− y) ≡ 〈0|T
(
φ(x) φ†(y)

)
|0〉

= θ(x0 − y0)i∆(+)(x− y) + θ(y0 − x0)i∆(−)(x− y), (38)

and that (
(i∂(x))

µ(i∂(x))µ −m2
)

∆F (x− y) = δ(4)(x− y) . (39)

Similarly, for the Dirac case, show that:

iSF (x− y)αβ ≡ 〈0|T
(
ψ(x)α ψ(y)β

)
|0〉 = θ(x0 − y0)iS(+)(x− y)αβ

− θ(y0 − x0)iS(−)(x− y)α =
(
iγ · ∂(x) + m

)
αβ
i∆F (x− y) , (40)

and that
(
iγ · ∂(x) − m

)
SF (x− y) ≡ δ(4)(x− y) , (41)

d) Show that ∆F in (38) also can be written as a four dimensional Fourier
integral

∆F (x− y) =
∫

d4p

(2π)4

1

(p2 −m2 + iε)
e−ip·(x−y) , (42)

where ε is a small positive quantity. Use Cauchy’s residue theorem and the
rule in equation (9) to prove (38) from (42). Note that one may also start
with equation (38) and use the integral representation of the θ-function

θ(t) =
−1

2πi

∫
dz

z + iε
e−izt , (43)

to arrive at (42). For the Dirac propagator we have

SF (x− y) =
∫

d4p

(2π)4
S(p) e−ip·(x−y) ; S(p) =

(γ · p + m)

(p2 −m2 + iε)
. (44)

Comment: ∆F and SF are Feynman propagators for the Klein-Gordon
and Dirac fields respectively. They enter the mathematical expressions for
Feynman diagrams for processes within electroweak and strong interactions.
They express the probabillity amplitude that a particle is created at y, then
move freely from y to x and is destructed at x. Note that the propagators are
functions of the coordinate difference (x − y) due to translation invariance.
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The equations (39) and (41) implies that ∆F and SF are Greens functions
for the Klein-Gordon and Dirac equations, respectively.

Note that it is easily seen that the expressions in (42) and (44) satisfy
the equations (39) and (41) respectively.

Problem 10

a) Calculate the differential (and total) cross section for e+e− → f̄ f ,
where f is some electrically charged fermion different from the electron. Re-
strict yourself to electromagnetic interactions.

Comment: This is described to some extent in section 4.7 in QP, but
you should work through the details yourself.

b) Write down the extra diagrams (and eventually amplitudes) one ob-
tains within electroweak interactions for the same process. How will the
cross section behave if the total energy is close to the Z-boson mass ? (cfr.
problem 9.6 in QP and section 14.4 in MS)

Problem 11

a) Consider SU(n) gauge transformations given by

q → q′ = U q , Dµ q → D′µ q
′ = U Dµ q (45)

where q is an n-dimensial multiplet and U ∈ SU(n), and Dµ and D′µ are the
covariant derivatives in the un-transformed and transformed cases respec-
tively:

Dµ = i∂µ − gtaAaµ ; D′µ = i∂µ − gtaA′aµ . (46)

Find the transformation of the gauge fields, i.e. A′aµ expressed in terms of Aa
µ

and U (cfr. problem 8.2 in QP). Choose an “infinitesimal” transformation
U = 1 + iαata, where ta are the (n2 − 1) generators of SU(n).

b) Show that the field tensor

F a
µν = ∂µA

a
ν − ∂νA

a
µ − gf abcAbµA

c
ν (47)

to first order in αb transforms as

F a
µν → F ′aµν = F a

µν − f abcαbF c
µν , (48)

where f abc are the structure constants of the group SU(n). Or (may be
easier) show that for an arbitrary transformation U :

Fµν = taF a
µν → F ′µν = U Fµν U

† . (49)

Problem 12

a) Calculate the transition probabillity Γ` for the process(es) W− →
`− ν` (` = e, µ, τ) in the unpolarized case. Note that the polarization vec-
tor(s) for the W -boson is given in Problem 6.
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b) We consider the process(es): π− → `− ν` (` = e, µ) . The amplitude is

M(π− → `− ν`) = C jµ(π →W−) jµ(W− → `− ν`) , (50)

where C = 2
√

2GF cosθc, GF being Fermi’s coupling constant and θc the
Cabibbo angle. The hadronic current is

jµ(π →W−) ≡< 0|ū γµLd|π−(q) > =
−i√

2
fπ q

µ , (51)

where fπ ' 93 MeV, and q is the pion momentum. Show that

qµ jµ(W− → `− ν`) ∼ m` . (52)

Is decay to e− or µ− most probable? Comment on the amplitude for the
process τ− → π− ντ .

c) Calculate Γ(π− → `− ν`), the unpolarized transition probabillity(per
unit time)

Comment:
The quarks d and ū are bound in the pion(π). Because the pion has spin

zero, the hadronic current can only depend on the pion four momentum,
times some constant called fπ which has to be determined by experiment (It
should in principle be calculable in (non-perturbative) QCD, but this is a
difficult task)

d) Write down the amplitude for the decay µ− → νµ e
− νe, and scetch the

calculation of the differential transition rate.

Comment: Here we have three particles in the final state and the inte-
gration over the phase space is more complicated than for two particles in
the final state. Note also that here problem 5g) is relevant.

Problem 13

a) Draw the (lowest order) Feynman diagrams for the leptonic processes:
e− νe → e− νe and e− νµ → e− νµ. What would be the lowest order diagram
for the last process if the Z-boson didnt exist?

b) Draw the Feynman diagrams at quark level (without showing explicitly
strong interactions) the non-leptonic decays: K → ππ, Σ → Nπ, and the
processes B → DK , Kπ , and ππ . (The definitions of the particles in terms
of quarks are found in chapter 7 of QP)

c) Draw the Feynman diagrams at quark level for radiative and/or semi-
leptonic decays: Σ → Nγ, Ω− → Ξ−γ, K0 → µ+µ−, K0 → γγ, K → πν ν,
K → πe+e−, B → K∗γ, and B0 → γγ.

d)Consider also the meson mixing diagrams for K0 → K0 and B0 → B0,
and at last the Higgs boson decay: H → γγ .
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