
Mid-term exam in FYS4170; 2013

Exam at home, monday the 30th of september to friday the 4th of october.

Answers to the problems may be written by hand or by word processing;-
in english or norwegian. There will be a box at the administative office of the
Physics Department to deliver the written answers. The very last deadline
for delivering the written answer is monday the 7th of october, at 10.00 a.m.
Write your candidate number (not name!) at the top of the front page of
your written answer. Your candidate number is obtained from the student
web.

Problem 1

The Dirac equation for a charged particle in an electromagnetic field is:

(

~α · ~π + mβ + V
)

Ψ = i
∂Ψ

∂t
. (1)

Here ~π = ~p − e ~A(x), where ~p = −i~∇, and V = eA0 is the electrostatic
potential. We have put h̄ = c = 1.

Assume now that the energy E is quantized such that

Ψ(x) = e−iEt ΨE(~x) = e−iEt

(

φ(~x)
η(~x)

)

. (2)

We write E = m+ ENR, and assume that |ENR| ≪ m and |V | ≪ m.

a) Use the standard Pauli representation for the Dirac matrices ~α and
β and eliminate η(~x). Show that the upper component φ(~x) satisfies the
equation:

((~π · ~σ)2

2m
+ V

)

φ(~x) = ENR φ(~x) . (3)

b) Using the properties of the Pauli matrices ~σ, show further that

((~p)2

2m
−

e

2m
~σ · ~B + V

)

φ(~x) = ENR φ(~x) , (4)

where ~B = ~∇× ~A. Give a short comment to this result.

Problem 2

When calculating scattering cross sections and decay rates, one will often
need traces of products of Dirac matrices. See equations (A.14) to (A.21)
for trace theorems. It is known that any 4 × 4 matrix in Dirac space can be
written as a linear combination of the 16 matrices 1, γ5, γµ, γµγ5 and σµν .
Use this to show that

Tr (M ·N) = aTr (M) · Tr (N) + b Tr (Mγ5) · Tr (γ5N)

+ c Tr (Mγµ) · Tr (γµN) + d Tr (Mγµγ5) · Tr (γ5γ
µN)

+ e Tr (Mσµν) · Tr (σµνN) , (5)
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where M and N are products of Dirac matrices. Determine the numbers
a, b, c, d, e.

Problem 3.

Calculate the probabillity amplitude S(1)
fi = 〈f |S(1)|i〉 (to first order in

the elementary charge e) for the scattering of a positron (with mass m and
energy E and spatial momentum ~p) in a given electromagnetic field Aµ(x).
This means that Aµ(x) is a given function and not a field operator in this
case. The initial state is |i〉 = |e+(~pσ)〉 = d†~pσ|0〉 and a possible final state

is |f〉 = |e+(~p′σ′)〉 = d†~p′σ′
|0〉, and the scattering operator to first order is

S(1) = −ie
∫

d4xN [ψ(x) γµ ψ(x)]Aµ(x) , (6)

where N [...] means normal order of the operators inside the parenthesis.

a) First, give the amplitude as an integral over the coordinate space in
terms of Aµ(x) and plane wave solutions for the positron. Second, specify the
electromagnetic field to a Coulomb potential Aµ = aµ Φ, where aµ = (1,~0)
and Φ = C/|~x|. (In the real world this potential is an approximation for the
interaction with a heavy nucleus, which means that C = Z|e|, where Z is
the atomic number).

b) Show that the energy of the positron is conserved and that the am-
plitude is proportional to the three dimensional Fourier transform of the
Coulomb potential

∫ d3~x

|~x|
e−i~q·~x =

4π

|~q|2
; ~q = ~p − ~p′ .

c) Show that the spin quantum number (quantized along some fixed axis)
is approximately conserved for small positron velocities (i.e. the positron
energy is E ≃ m), and that the helicity is approximately conserved for large
velocities (E ≫ m).
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