
Problems for FYS4170; 2013
(Version of september 23th, 2013)

Problem 9

c) Let T define a time ordered product such that

T (A(t1)B(t2)) = θ(t1 − t2)A(t1)B(t2) ± θ(t2 − t1)B(t2)A(t1) (1)

where the minus sign is valid if both A and B are fermion operators.
For the Klein-Gordon case (using problem 8), show that

i∆F (x− y) ≡ 〈0|T
(

φ(x) φ†(y)
)

|0〉

= θ(x0 − y0)i∆
(+)(x− y) + θ(y0 − x0)i∆

(−)(x− y), (2)

and that
(

(i∂(x))
µ(i∂(x))µ −m2

)

∆F (x− y) = δ(4)(x− y) . (3)

Similarly, for the Dirac case, show that:

iSF (x− y)αβ ≡ 〈0|T
(

ψ(x)α ψ(y)β

)

|0〉 = θ(x0 − y0)iS
(+)(x− y)αβ

− θ(y0 − x0)iS
(−)(x− y)α =

(

iγ · ∂(x) + m
)

αβ
i∆F (x− y) , (4)

and that
(

iγ · ∂(x) − m
)

SF (x− y) = δ(4)(x− y) , (5)

d) Show that ∆F in (2) also can be written as a four dimensional Fourier
integral

∆F (x− y) =
∫

d4p

(2π)4

1

(p2 −m2 + iǫ)
e−ip·(x−y) , (6)

where ǫ is a small positive quantity. Use Cauchy’s residue theorem and the
rule in equation (12) of problem 2 to prove (2) from (6).

Note that one may also (optional !) start with equation (2) and use the
integral representation of the θ-function

θ(t) =
−1

2πi

∫

dz

z + iǫ
e−izt , (7)

to arrive at (6). For the Dirac propagator we have

SF (x− y) =
∫

d4p

(2π)4
S(p) e−ip·(x−y) ; S(p) =

(γ · p + m)

(p2 −m2 + iǫ)
. (8)
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Comment: ∆F and SF are Feynman propagators for the Klein-Gordon
and Dirac fields respectively. They enter the mathematical expressions for
Feynman diagrams for processes within electroweak and strong interactions.
They express the probabillity amplitude that a particle is created at y, then
move freely from y to x and is destructed at x. Note that the propagators are
functions of the coordinate difference (x − y) due to translation invariance.
The equations (3) and (5) implies that ∆F and SF are Greens functions for
the Klein-Gordon and Dirac equations, respectively.

Note that it is easily seen that the expressions in (6) and (8) satisfy the
equations (3) and (5) respectively.

Problem 10.

Let jµ(x) and jµ
N (x) be the Dirac current without and with normal order,

respectively:

jµ(x) ≡ ψ(x) γµ ψ(x) ; j
µ
N (x) ≡ N [ψ(x) γµ ψ(x)] , (9)

where N [...] means normal order of the operators inside the parenthesis.
Moreover, ψ(x) is the Dirac field and ψ(x) its adjoint at space-time coordinate
x = (t, ~x).

a) Use the commutator identities

[AB,C] = A[B,C] + [A,C]B ; [D,EF ] = {D,E}F −E{D,F} , (10)

to calculate the commutator [jµ(x), jν(y)] between two Dirac currents, in
terms of anti-commutator functions iSαβ(x − y) = {ψα(x), ψβ(y)} and the
fields ψ and ψ at space-time points x and y. (Here {, } denotes an anti-
commutator). See Mandl and Shaw, eqs. (4.52)-(4.55). What can be said
about this commutator at spacelike separations (x− y)2 < 0 ?

b) Calculate again the commutator between currents ,- but now with the
normal ordered currents jµ

N (x) and jν
N (y). What is eventually the difference

between the results? (Hint: Calculate first the difference between jµ(x) and
j

µ
N (x))
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