
Problems for FYS4170; 2013
(Version of october 3rd, 2013)

Problem 11

The polarization four vector for a vector boson with momentum q =
(q0; q), mass M , and helicity λ, is written ε(q, λ), and is given by:

ε(λ = ±1) = (0; ε(λ)) , ε(λ = 0) =
1

M

(

|q|; q0q̂
)

, (1)

where q · ε(λ) = 0, and also q · ε(λ) = 0, where q̂ = q/|q| is the unit vector
along the three momentum q. (Here is used the alternative 3-vector notation
~q ≡ q). In the frame where q̂ is along the z-axis, i.e. q̂ = (0, 0, 1), we have

ε(λ = ±1) =
−λ√

2
(1, λi, 0) , (2)

classically corresponding to right- and left-handed polarized light, respec-
tively. (Alternatively, and equivalently, one might use cartesian polarizations
ε1 = (1, 0, 0) and ε2 = (0, 1, 0), respectively). Show the relation:

∑

λ

ε(q)µ [ε(q)ν]∗ = − gµν + qµqν/M2 . (3)

In this relation, ε may be intpreted as a (standing) coloumn and ε∗ as a
(lying) row.

Comment: The quantity in (3), is the massive vector boson analogue
of the equation (10) of problem 2. This relation is useful when calculating
decays or scattering of vector bosons.

Problem 12

Calculate the probabillity amplitude Sfi = 〈f |S|i〉 to second order in the
elementary charge e for the process e+e− → e+e−. Let the momentum of e−

be p and of e+ be q in the initial state. In the final state the momenta are
denoted p′ and q′ respectively.

a) Define the initial state |i〉 and the final state |f〉 in terms of creation
operators acting on the vacuum state. Then pick the relevant part of the
scattering operator S(2) of second order, and explain why other parts of S(2)

do not contribute. Find the amplitude Sfi in terms of plane wave solutions
ψ(±)

pσ ; as an integral over the coordinates x og y.

b) Perform the integrations over x and y and find the amplitude expressed
in “momentum space” in terms of Dirac spinors u and v.

Let us now do the replacements q → −k′ and q′ → −k followed by
the identification v(−k) = u(k) and v(−k′) = u(k′). What is the process
which we have now obtained the amplitude for by these replacements? What
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happens if we interchange k′ and p′ in this amplitude? Comment on the
property of the amplitude due to this interchange.

Problem 13.

a) Show that the trace of a product of an odd number of γµ matrices is
zero

b) Find an expression for Tr (γµγν).

c) Find an expression for Tr (γµγνγσγρ).

d) Let u1 and u2 be Dirac spinors and N some product of γ matrices.
Show that

u1Nu2 = Tr [N(u2ū1)] (4)

e) Let jµ(p′σ′; pσ) = uσ′(p′) γµ uσ(p). Find the tensor

tµν(p
′, p) =

1

2

∑

σ,σ′

jµ(p′σ′; pσ) jν(p
′σ′; pσ)∗ . (5)

expressed by p, p′ and m by using results from problem 2, eq. (10) and trace
formulae above.

f) Find the expressions for Tr (γ5 γ
µγν), Tr (γ5γ

µγνγσγρ), and Tr (γ5γ
µγνγσγργαγβ)

g) Find an expression for the tensor tµν above if γµ is replaced by γµL in
the current jµ (i.e. if the current is left-handed).

Comment: Cross sections and decay rates will be proportional to such
traces of products of Dirac matrices. Training in doing such traces are there-
fore important, and it simplifies the calculations of cross sections and decay
rates considerably, and keep them at a covariant level. It should also be
noted that there are algebraic coputer programs (e.g. FORM, and certain
package within Mathematica) which calculates traces of γ matrices. These
are useful when the number of γ matrices to be taken trace of exceeds four,
say.
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