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Final exam
Lecture autumn 2016: Relativistic quantum field theory (FYS4170)

 Carefully read all questions before you start to answer them! Note that you
don’t have to answer the questions in the order presented here, so try to answer
those first that you feel most sure about. Keep your descriptions as short and
concise as possible! Answers given in English are preferred – but feel free to
write in Scandinavian if you struggle with formulations!
Maximal number of available points: 50.

Good luck!

Problem 1 (6 points)
Calculate the 2N -dimensional integral

N∏
i=1

(∫ ∞
−∞

dξ∗i dξi

)
exp [−ξ∗l Blk ξk]

a) assuming that the ξi are ordinary complex numbers, and

b) assuming that the ξi are complex Grassmann numbers.

In both cases, B is a symmetric N ×N matrix and Einstein’s summation convention
applies (i.e. k, l are summed over).
Hint: The elementary integral

∫∞
0
dr r exp[−r2/2] = 1 will be helpful.

Problem 2
Consider the following Lagrangian describing two real scalar fields φ and Φ:

L =
1

2
(∂µφ)2 − 1

2
m2φ2 +

1

2
(∂µΦ)2 − 1

2
M2Φ2

−λMΦφ2 +
2λ

M
φ (∂µφ) (∂µΦ)

−1

2
λ2φ4 +

2λ2

M2
φ2 (∂µφ) (∂µφ)

a) Write down the Feynman rules for all propagators and vertices in this theory,
using dotted lines for the φ fields and dashed lines for the Φ fields. (7 points)
Hint: For the 4-point vertex, you should find −4iλ2(3 +

∑4
i=2(p1 + pi)

2/M2),
where the pi denote the four ingoing momenta.

b) Draw all Feynman diagrams that contribute at lowest order in λ to the process
φφ→ φφ, and write down the corresponding amplitudes. Compute the differen-
tial cross section dσ/dΩ, in the center-of-mass frame, in terms of Mandelstam
variables. (8 points)
Hint: You should find a surprisingly simple result.

2



Problem 3
Consider the following Lagrangian:

L = −1

4
(Fµν)

2 + iψD/PLψ + |Dµφ|2 − V (|φ|),

where Fµν ≡ ∂µBν − ∂νBµ, PL = (1 − γ5)/2 and φ is a complex scalar field with
potential V . The scalar φ and the fermion ψ may have different charges, such that
the covariant derivative is given by Dµ = ∂µ + igQψ,φBµ.

a) State the field transformations under which L is symmetric! Which of those
symmetries forbids a mass term for the ‘photon’ Bµ, and which for the fermion
ψ? (5 points)

b) Now assume that V (|φ|) is of such a form that the scalar field acquires a non-
vanishing vacuum expectation value v ≡ 〈φ〉 6= 0. How does the field content of
the theory change, compared to a situation with V (|φ|) = m2|φ|2, and what is
this mechanism referred to? Why is there no Goldstone boson? Show explicitly
which mass the ‘photon’ acquires in this way! Can the fermion also acquire a
mass in this theory, i.e. without violating any of the symmetries described in a)
(possibly by extending the above Lagrangian) ? (6 points)

Problem 4
The Yang-Mills Lagrangian for a general gauge group G is given by

LYM = −1

4

(
F a
µν

)2
+ ψ (iD/)ψ −mψψ .

a) What kind of fields does this Lagrangian describe? How do the involved fields
transform under infinitesimal gauge transformations? (3 points)

b) Briefly describe the main steps that led to the construction of the Yang-Mills
Lagrangian! (4 points)

c) The Faddeev-Popov Lagrangian results from a particular way of fixing the gauge

and is given by LFP = LYM − 1
2ξ

(
∂µAaµ

)2 − c̄ (∂µDµ) c. What is the problem
with the Yang-Mills Lagrangian that prompted Faddeev and Popov to carry
out the procedure leading to these additional two terms? What is the physical
significance of ξ and c appearing here? Is Dµ given by the same expression as
in the Yang-Mills Lagrangian (and why?)? (4 points)

d) Now consider Compton scattering with a non-Abelian gauge boson instead of a
photon. What is the main physical difference in terms of external states that
need to be considered? Give an example in the standard model (before elec-
troweak symmetry breaking) ! Draw the additional diagram that appears at
tree-level! At next order, there are many diagrams that contribute to the am-
plitude; draw only those that contain ghosts, and write down the amplitude for
one of those (you do not have to calculate it)! (7 points)
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