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 These (preliminary) problems are scheduled for discussion on Monday, 30 August
2021.

In this problem sheet, you will be reminded of essential concepts like Green’s functions,
Dirac delta functions, contour integration and (some) four-vector notation. If you spot any
typos or mistakes, please send an email to lasselb@fys.uio.no.

Problem 1: Subtleties of Dirac Delta Functions
It is important to recall that Green’s functions and Dirac delta functions are generally not
functions in the usual sense but rather distributions, which means they can be integrated
against functions.

Let us consider f1(t) and f2(t) defined by

f1(t) = g(t)δ(t− a) (1)
and

f2(t) = g(a)δ(t− a) , (2)

where g(t) is an arbitrary smooth function, a is constant, and δ denotes the Dirac delta
function. Hence, f1(t) and f2(t) are distributions, defined more explicitly as

Tfi
[φ] :=

ˆ ∞
−∞

dt fi(t)φ(t) , (3)

where φ(t) is an arbitrary allowed test function, i.e. a function that is smooth and goes to
zero as t→∞.

a) Evaluate the functionals in Eq. (1) and Eq. (2) and find out if they are equal to each
other as distributions.

b) Show that the derivative of a distribution can be defined as

T ′[φ] := −T
[dφ
dt

]
(4)

by assuming that f(t) is continous and bounded by some power of t.
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c) Consider the following distributions

h1(t) = g(t)δ′(t− a) (5)
and

h2(t) = g(a)δ′(t− a) , (6)

where again g(t) is a arbitrary smooth function. Again, evaluate Eq. (5) and Eq. (6)
and find out if they are equal to each other as distributions.

d) Now consider the derivatives of the distributions defined in Eq. (1) and Eq. (2)

f ′1(t) = g′(t)δ(t− a) + g(t)δ′(t− a) (7)
and

f ′2(t) = f(a)δ′(t− a) . (8)

Find out if f ′1(t) and f ′2(t) are equal.

e) Let the function θ(t) be defined in the standard way

θ(t) =
{

1 if t > 0
0 if t ≤ 0

(9)

and consider the corresponding distribution

Tθ[φ] :=
ˆ ∞
−∞

dt θ(t)φ(t) . (10)

Define the derivative of a θ-function as a distribution and show that

θ′(t) = δ(t) , (11)

where the equal sign is understood in the distributional sense.

Problem 2: Contour Integration
This problem is meant to (re-)familiarize yourself with contour integration. As you might
recall from FYS3140, contour integration is often performed by use of the residue theorem

‰
Γ
f(z) dz = 2πi

n∑
i=1

Res(f, zi). (12)

where Γ is the contour and pay close attention to the orientation of the contour.

Show that
ˆ ∞
−∞

dx
eikx

x2 + a2 = π

a
e−|k|a (a > 0) . (13)
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Problem 3: Green’s Functions
Formally, a Green’s function G(x, y) is the inverse of a differential operator D, in the sense
that it satisfies the equation

DG(x, y) = δ(x− y) , (14)

which says that G(x, y) is the solution to the differential equation with a forcing term given
by a point source. Informally, the solution to the same differential equation with an arbitrary
forcing term can be built up point by point by integrating the Green’s function against the
forcing term. This is equivalent to taking an uncountable superposition of solutions to the
equation with point source and adding them up to the arbitrary forcing term, which is why
the linearity of the differential operator is important. Formally, this means the solution to
an arbitrary linear differential equation with forcing term

Du(x) = f(x) , (15)

is given by

u(x) =
ˆ
dy G(x, y)f(y) . (16)

Although the resulting integrals may be difficult or impossible to compute, they provide an
immediate solution to arbitrary linear differential equations when possibly no solution may
be found by other methods, which can at the very least be computed numerically.

In this exercise we are going to find the Green’s function that solves the following partial
differential equation1

(
∇2 − ∂2

∂t2

)
u(x, t) = f(x, t) . (17)

The Green’s function for this equation is a function, G(x, t,x′, t′), obeying the conditions

G(x, 0,x′, t′) = 0 , ∂tG(x, 0,x′, t′) = 0 , lim
|x|→∞

G(x, t,x′, t′) = 0 , (18)

which tells you thay G dies far away from the source and that t− t′ > 0.

a) Show by the use of Fourier transform that the Green’s function in momentum-frequency
space is given by

G(k,w) = 1
ω2 − k2 , (19)

where k = |k|.

Hint: The Green’s function equation is spherically symmetric so you may assume
that G(x, t,x′, t′) is a function of x − x′ and t− t′. Thus, without loss of generality
you may set x′ = 0 and t′ = 0 for now and recover the general case later.

1In this course we will always set c = 1.
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b) Invert G(k, ω) back to space and time coordinates and show that

G(x, t) = 1
(2π)3

1
ir

ˆ ∞
−∞

dk k eikr
ˆ ∞
−∞

dω
e−iωt

(ω − k)(ω + k) , (20)

where |x| = r.

Hint: Go to spherical k-space and use that you can freely choose the direction of
x.

c) Use the residue theorem to calcualte the integral over ω and show that

G(x, t,x′, t′) = − 1
4π|x− x′|δ(|x− x′| − (t− t′)) , (21)

where we have restored x′ and t′. What is the interpretation of this object?

Problem 4: Maxwell’s Equations on Covariant Form
Maxwell’s equations on differential form is given by2

∇ ·E = ρ (22)

∇× B− ∂E
∂t

= j (23)

∇ ·B = 0 (24)

∇× E + ∂B
∂t

= 0 , (25)

Together with the continuity equation

∂ρ

∂t
+∇ · j = 0 (26)

and the Lorentz force law, they are the mathematical description of classical electrodynamics.
Show that Maxwell’s equations on covariant form is given by

∂νF
µν = Jµ (27)

∂µF να + ∂αFµν + ∂νFαµ = 0 , (28)

where Fµν is the well known field strength tensor (Hint: Use a subset of Maxwell’s equations
to introduce the four vector potential, Aµ = (φ,A)). Determine if Maxwell’s equations are
Lorentz invariant and derive two Lorentz scalars that can be constructed from Fµν .

2We have dropped numerical factors as 4π and set ε0 = µ0 = 1 for simplicity.
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