
Problem sheet 1
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 6 September 2021. If you spot any
typos and/or misspellings please send an email to lasselb@fys.uio.no.

In this problem sheet we will investigate some of the consequences of naively merging Quantum
Mechanics (QM) with Special Relativity (SR). Further, in physics we are often interested in
invariance under some symmetry operation. Such operations has a very natural formulation in
terms of groups. Hence, we need some training working with groups, algebras and representations.

Problem 5: Klein-Gordon Equation
As we know, in single particle, non-relativistic quantum mechanics, we start with the Hamiltonian
description of the corresponding classical, non-relativistic physical system and promote each of
the observables to a Hermitian operator. Also, we know that the time evolution of the quantum
mechanical system is given by the Schrödinger equation1

i∂tψ = Hψ , (1)

where ψ(x, t) represents the wavefunction of the system whose amplitude squared is the probability
of finding a particle at x at time t and the Hamiltonian, H, has the generic form

H = p2

2m + V (x) , (2)

with p denoting the momentum of the particle and V (x) representing the potential through which
the particle moves.

This formalism is clearly non-covariant (non-relativistic) which is easily seen by the usual
promotion

p→ −i∇ , (3)

such that the Schrödinger eqution takes the form

i∂tψ = − 1
2m∇

2ψ , (4)

This equation is linear in the time derivative while it is quadratic in the space derivatives. Therefore,
space and time are not treated equally; consequently, the equation cannot have the same form in
different Lorentz frames.

(Note: Schrodinger himself wrote down a relativistic formulation before his non-relativistic formu-
lation. However, he could not match his results with those from experiments. That is, he could
not use his formulation to describe the spectrum of hydrogen, and he encountered problems with a
probabilistic interpretation. Because of these issues, Schrodinger took the non-relativistic limit of
his formulation and wrote down what you know as the Schrodinger equation.)

1We will always set ~ = 1 and for later reference c = 1.
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a) The relativistic formulation Schrodinger first wrote down is also known as the Klein-Gordon
equation, and is given by (

�+m2
)
φ(x) = 0 , (5)

where

� := ∂µ∂µ = ∂2
t −∇2 . (6)

Demonstrate that this naive procedure leads to the existence of negative energies! Why is
this not acceptable for a physical theory?

(If you are uncomfortable with us just giving you the Klein-Gordon equation, it is always good
practice to derive it yourself: start from Maxwell’s source free equations and show that it
yields a wave equation. Next, use Einstein’s relations E = ~ω and p = ~k and show that the
solutions to the wave equation yield the known energy-momentum relation for photons. Then,
use the de Broglie relation and extrapolate that Einstein’s relation also holds for matter. Then,
working backwards, you should obtain the Klein-Gordon equation.)

b) Further, show that the probability density, in this case, is not positive definite! (Hint:
refamiliarize yourself with how the continuity equation is found in QM and carry out the
same procedure for the Klein-Gordon equation. You should find that the continuity equation
on a covariant form is ∂µJµ = 0. Here the four-vector current, Jµ = (ρ, j), consists of the
probability density, j0 = ρ, and the probability current, j.)

Problem 6: Dirac Equation and Gamma Matrices
Let us begin this exercise by deriving some γ-matrix identities. In this problem, you should not
assume any explicit representation for γµ but use the Dirac algebra

{γµ, γν} = 2gµν (7)

a) Show that

γµγµ = 4
γµγνγµ = −2γν

γµγνγαγµ = 4gνα

γµγνγαγργµ = −2γργαγν

b) One of Dirac’s motivations for his equation was the lack of probability interpretation of the
Klein-Gordon equation. Show that the Dirac equation

(i/∂ −m)ψ(x) = 0 , (8)

yields a positive-definite probability density.

c) One of the successes of the Dirac equation is that it describes a spin−1/2 particle, which the
Klein-Gordon equation does not. In non-relativistic QM this has to be put in by hand, but
taking relativity into account this falls out. However, that it describes a spin−1/2 particle is
seldom shown explicitly from the Dirac equation.
Experimentally, spin was observed by sending electrons through an external magnetic field.
Hence, to describe spin, we want to couple our theory to electromagnetism. In QM, this
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coupling is usually introduced via the so-called minimal coupling. Later in the course, we will
show how such a coupling naturally appears in QFT, but for now, just replace2

∂µ → ∂µ − ieAµ , (9)

and the Dirac equation takes the following form

(i/∂ + e /A−m)ψ(x) = 0 , (10)

where A is the four vector potential. Show that this equation implies(
(∂µ − ieAµ)2 +m2 − eFµνSµν

)
ψ(x) = 0 (11)

where Fµν is the electromagnetic field strength, e is the coupling and Sµν = i[γµ, γν ]/4. What
does this equation tell you? (Hint: Couple the Klein-Gordon equation to Aµ in a similar way
and see the difference).

Problem 7: Lorentz Group
Minkowski space is what we call a 4-dimensional Lorentzian (or pseudo-Riemannian) manifold3

equipped with a metric tensor gµν . In this course we choose the signature gµν = diag(1,−1,−1,−1)
for the metric.

As you might recall the square of the length of a vector in Minkowski space is x2 = gµνx
µxν , and

the square of a line element between two neighboring points takes the form

ds2 = gµνdx
µdxν = (dt)2 − (dx)2 . (12)

A generic Lorentz transformation is defined as

xµ → x′µ = Λµνxν , (13)

which leave the square of the length of a vector invariant, i.e. x′2 = x2. The matrix Λ is a constant
matrix4; xµ and x′µ represent the same event in different inertial frames. Also, the transformation
law for the covariant components is given by

x′µ =
(
Λ−1)ν

µ
xν = Λ ν

µ xν . (14)

a) Show that the Lorentz transformations satisfy the following condition

ΛT gΛ = g . (15)

b) We denote the set of all Lorentz transformations as

L := {Λ ∈ GL(4,R) |ΛT gΛ = g} . (16)

Prove that L form a group.

c) Show that

det(Λ)2 = 1 , (17)

and

(Λ0
0)2 ≥ 1 . (18)

2Apologies for telling you to accept stuff, but the question of spin is often raised, and we need interactions to explain
it.

3Apologies for bombarding you with concepts you probably haven’t heard about, but for later in the course this fact
is crucial! For now: think of it as a space that locally looks like Euclidean space.

4The first index is the row index, the second index the column index.
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d) The results from c) implies that the entire Lorentz group is not continous (why?): show that
the transformations with

det(Λ) = 1 , (19)

and

Λ0
0 ≥ 1 , (20)

form a subgroup. Also, show/argue that the other possibilities, obtained by setting det(Λ) =
−1 and/or Λ0

0 ≤ 1, do not form separate subgroups. The continous part of the Lorentz group
is often denoted as SO+(1, 3), and is known as the proper orthochronous Lorentz group.

e) (Extra Challenge!) Prove that the Lorentz group is non-compact. What does this say about
the unitary representations of the Lorentz group?

Problem 8: Lorentz Algebra
As physicists, we often want our group5 elements to act on ‘physical’ states, e.g. a quantum field.
In the vector (or four-vector) representation, each generator Jµν is represented by a 4× 4 matrix
(J µν)ρσ which acts on a four-dimensional vector space whose elements are the 4−component objects
we call Lorentz four-vectors. The vector representation is thus four-dimensional. A generic finite
Lorentz transformation Λ is now implemented on a 4−vector via the exponential map

Xρ → X ′ρ =
(
e−

i
2ωµνJ

µν )ρ
σ
Xσ , (21)

where the J µν in the argument is now a matrix, so that we exponentiate a matrix to get another
matrix which multiplies the four-vector to give a transformed four-vector. An explicit form of the
matrices can be represented as

(J µν)ρσ = i
(
δµρ δ

ν
σ − δµσδνρ

)
. (22)

a) Show that the matrices J µν indeed satisfy the Lorentz algebra, i.e.

[J µν ,J ρσ] = i(gνρJ µσ − gµρJ νσ − gνσJ µρ + gµσJ νρ) . (23)

b) Show that a finite Lorentz transformation leads to a rotation around the z−axis if one chooses
ω12 = −ω21 = θ and all other elements zero.

c) In the same way, show that the choice ω01 = −ω10 = β correspond to a boost in the
x−direction.

5For those of you that are new to groups, algebras and representations, I will talk about these concepts at the
beginning of the next problem session.
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