
Problem sheet 10
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 30 November 2021. If you spot any
typos and/or mistakes please send an email to lasselb@fys.uio.no.

In Problem set 9 we investigated how the electroweak SU(2)L×U(1)Y part of the SM Lagrangian
is constructed and how gauge bosons and leptons acquire masses through the Higgs mechanism.
This problem sheet will consider how the quarks and leptons couple to the charged vector bosons
and investigate quark masses. In Problem 32, the aim is to derive the (surprisingly) accurate and
phenomenologically important (low energy) Fermi theory from our (high energy) electroweak theory.
Mapping these two theories will allow us to set bounds on some of the parameters in our electroweak
theory.

Problem 32: Charged Currents
Experiments show that electroweak interactions involve what we call vector and axial-vector currents.
They are related to (as you investigated in the midterm) global U(1) symmetries, acting on Dirac
bispinors as

ψ → eiαψ (1)
ψ → eiβγ5ψ (2)

which we from Noether’s theorem can construct the current

JµL = 1
2(JµV − J

µ
A) = −ψ̄LγµψL (3)

Together with the Higgs mechanism this insight was the key to construct the SU(2)L×U(1)Y
electroweak Lagrangian. Let us consider the following part of the SM electroweak Lagrangian

Lfermion = iΨ̄i /DΨi (4)

where Ψi = {EL, QL, eR, uR, dR}, and the left-handed doublets take the form

EL =
(
νe
e

)
, QL =

(
u
d

)
(5)

a) Show that the charged current sector of the electroweak Lagrangian can be written as

LCC = g√
2

(
Wµ+J+

µ +W−µJ−µ

)
(6)

and find the currents J±µ .

b) Consider the vector bosons W± only as internal states and integrate them out, requiring that
E << mW , where E is the energy sale of the system. Write down the local interaction after
‘removing’ the charged bosons.
(Hint: Use the equation of motion and take the low energy limit!)
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c) With this local interaction; calculate the amplitude for µ− → e−νµν̄e. Compare with your
result from the Fermi theory in Problem set 7 and use the decay time, τµ = 2.197µs1, to
estimate the value of the vev of the electroweak sector. Is it in agreement with its experimental
measure?

Problem 33: Sigma Models and Chiral Symmetry Breaking

a) Write down the QCD Lagrangian for two massless quarks and identify the global SU(2)L and
SU(2)R under which it is invariant. State full global symmetry group G of this theory! How
would this symmetry group generalize if we added more massless quarks to the theory?

b) Argue that a condensate

〈ūu〉 = 〈d̄d〉 = v3 (7)

breaks the global non-abelian symmetry group down to SU(2)V 2, i.e. the diagonal subgroup
that rotates the left and right-handed fields the same way. How many Goldstone bosons
emerge? How many Goldstone bosons emerge in the case of

SU(3)L × SU(3)R → SU(3)V (8)

c) In particle physics, we often use phenomenological so-called ‘sigma model Lagrangians’ in
order to describe the dynamics of the (pseudo-)Goldstone bosons at low energies3. Let us
now forget about the QCD Lagrangian and use a scalar Lagrangian to model the behaviour
of pions. We consider the Lagrangian

L = 1
2 |∂µφ|

2 + 1
2µ

2|φ|2 − λ

4 |φ|
4 (9)

invariant under SO(4), i.e. we use the notation |φ|2 := φTφ. Here, we are considering the
fields in the fundamental representation of SO(4), i.e. the representation describing four
dimensional rotations of the vector φ = (π, σ). For later purposes we call π the pion field
because, as we will see, it is closely related to the real-world hadrons4 π± and π0.
Minimize the potential, take the vev of the scalar fields in such a way that the symmetry is
broken into the diagonal subgroup and identify the (pseudo-) Goldstone bosons π1, π2 and π3.
Expand around the vev and write down the Lagrangian in terms of σ(x) and πa(x). What is
the symmetry breaking pattern?

d) Let us use that there exist a map taking us from the four dimensional rotation of (π, σ) to a
2× 2 matrix representation

φ(x) = 1√
2
(
σ12 + iπ · σ

)
(10)

where σ are the Pauli matrices. Write down the Lagrangian in this fomulation and perform
all the same steps as in c).
(Hint: You should find that the two formulations are identical!)

1Sometimes putting in numbers can be a useful exercise!
2You will also see this called global SU(2)isospin
3While they first appeared in this context, today they have a wide range of applicability in QFT. Most famously,

they were used to model open strings in string theory, where they showed to have many exciting topological
properties. In FYS5120, we will meet these again when we talk about effective field theories!

4Hadrons are composited particles of quarks and gluons. We will study their field theoretical description in FYS5120,
but for now we will only use simplified models.

ii



e) Identify the vacuum configuration space. Show that in the double scaling limit (µ2 → ∞,
λ→∞, v2 fixed) we can ‘remove’ σ(x) from the spectrum, giving

L = 1
2∂µπ

a∂µπa + 1
2

(πa∂µπa)2

v2 − πaπa
(11)

f) Expand the Lagrangian and show that it can be written as

L = 1
2∂µπ

a∂µπa + 1
2v2 (πa∂µπa)2 + O(π6) (12)

g) We can recast this whole formulation by defining the field

U = exp
(
i
πaσa

fπ

)
(13)

and define the chiral Lagrangian

L = v2

4 tr
(
∂µU∂

µU †
)

(14)

Determine the value of pion decay constant fπ and convince yourself that this object is invariant
under SU(2). Why are there no terms containing only U(x) and without derivatives?

h) Show that we can introduce a pion mass term by adding

Lmass = v3tr(MU +M †U †) (15)

where

M =
(
mu 0
0 md

)
(16)

Find the pion mass mπ and set a upper bound on the sum of quark masses. Approximate
mu ≈ md and compare with the experimental values of the lightest quarks.
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