
Problem sheet 2
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 13 September 2021. If you spot
any typos and/or mistakes please send an email to lasselb@fys.uio.no.

In this problem sheet, we will continue searching for the spin−1/2 origin of the Dirac equation.
We will also derive some useful spinor identities, which will be very useful later in the course. The
last part will be devoted to classical field theory and specifically real and complex scalar fields.

Problem 9: Spinor Identities
Let the plane wave solutions of the Dirac equation be on the form

us(p) =
√
E +m

(
χs

~σ·~p
E+mχs

)
, vs(p) =

√
E +m

(
~σ·~p
E+mχs
χs

)
, s = 1, 2 , (1)

where

χ1 =
(

1
0

)
, χ2 =

(
0
1

)
(2)

i.e. they are Pauli spinors satisfying χ†sχs′ = δss′ . Note that Peskin and Schroeder defines the
spinors in a slightly different way, but we find that the expressions above are much easier to accept
as they do not involve defining what is meant by taking the square root of a matrix.

[To find these solutions from the Dirac equation can take som time, but trust me that they are indeed
solutions that will yield E2 = p2 +m2. If you are uncomfortable with being given the solutions: start
from the plane wave expansion, ψ(x) = u(p)eip·x, and the rest (should be) fairly straightforward1.]

a) Show that

ūs(p)us′(p) = 2mδss′ (3)
v̄s(p)vs′(p) = −2mδss′ (4)

while all other combinations are zero, i.e. ūs(p)vs′(p) = v̄s(p)us′(p) = 0.

b) Further, show that ∑
s

us(p)ūs(p) = /p+m (5)∑
s

vs(p)v̄s(p) = /p−m (6)

1Just to be supportive and follow the mantra of Peskin and Schroeder!
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Problem 10: Magnetic Moment and Spin
In problem sheet 1, we investigated the difference between a scalar coupled to electromagnetism
and a spinor coupled to electromagnetism. We found that while free spinors satisfy the equation for
a scalar (Klein-Gordon) when spinors are coupled to electromagnetism, an additional interaction
appears. This interaction was shown to be proportional to Sµν , which are the generators of the
spinor representation of the Lorentz group. Such a term should hint towards something involving
spin. Let us dive a little further into this by studying the non-relativistic limit of the Dirac equation.

a) When a spinor is coupled to the electromagnetic field, the Dirac equation take the following
form2 (

iγµ
(
∂µ + ieAµ

)
−m

)
ψ(x) = 0 . (7)

Use the Dirac representation of the gamma matrices

γ0 =
(

1 0
0 −1

)
, γk =

(
0 σk

−σk 0

)

and decompose the four component Dirac spinors ψ into two two-component spinors, ψ1 and
ψ2, and show that you get the following differential equations(

i∂t − eΦ−m
)
ψ1 + σk

(
i∂k + eAk

)
ψ2 = 0 , (8)

−σk
(
i∂k + eAk

)
ψ1 −

(
i∂t − eΦ +m

)
ψ2 = 0 . (9)

where we have used that the four vector potential is composed of the vector potential ~A and
the electrostatic potential Φ, i.e. Aµ = (Φ, ~A). To proceed, make the usual non-relativistic
substitutions

i∂k → −pk
i∂t → E .

and use that E = m, eΦ << m (kinetic energy and potential energy are small compared to
the rest energy), to eliminate the component ψ2. Then, show that the upper component ψ1
satisfies the following equation (

σiσjΠiΠj

2m + eΦ
)
ψ1 = Ẽψ1 , (10)

where Ẽ = E −m and Πi = pi − eAi.

b) Finally, show that this equation describes a spinor with a magnetic moment

~µ = −2 e

2m
~S . (11)

What is the implication of this result?

(Hint: To proceed from the equation for ψ1 you should massage the ‘kinetic’ term by us-
ing properties of products of Pauli matrices.)

2The sign in front of A is different from Problem sheet 1, but this is just a matter of convention and I mix them all
the time. Sorry, but not sorry!
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Problem 11: Classical Field Theory
Let us consider two real scalar fields φi ∈ R(i = 1, 2) with mass m and a quartic self-interaction
proportional to λ, given by the following Lagrangian

L = 1
2(∂µφi)(∂µφi)−

1
2m

2φ2
i − λφ4

i . (12)

a) Explain the choice of signs and pre-factors in the above Lagrangian and determine the mass
dimension of all quantities. Derive the equations of motion by directly varying the action and
explain why the boundary terms do not contribute to the result.

b) Let us now assume that φ1 and φ2 are solutions to this equation. Show that a general linear
combination is only a solution to the free part, i.e. the part left when λ = 0. What is the
consequence of this?

c) Let us neglect the λ term in the above Lagrangian and only consider the free theory. What
are the equations of motion for φ1 and φ2?

d) Define a complex scalar field as

Φ(x) = 1√
2

(φ1 + iφ2) , (13)

and show that the Lagrangian for the complex scalar field is given by

L = (∂µΦ∗)(∂µΦ)−m2Φ∗Φ (14)

e) Consider Φ and Φ∗ as independent fields, and use the Euler-Lagrange equations to show that
the equation of motion for real and complex representation are equivalent.

f) Construct the Hamiltonian density by performing a Legendre transform.

g) Compared to the real case, the complex Lagrangian exhibits an additional symmetry. Show
that the Lagrangian for the complex scalar field is invariant under the following rotation

Φ→ Φ′ = eiαΦ , (15)

and use Noether’s theorem to find the conserved ‘charge’ Q. We will understand the physical
meaning of this charge later in the course.
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