
Problem sheet 3
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 20 September 2021. If you spot
any typos and/or mistakes please send an email to lasselb@fys.uio.no.

In this problem sheet, we will try to connect the transition from classical field theory to quantum
field theory in a slightly different way than Peskin-Schroeder (PS) does.

Problem 12: Poisson Brackets to Commutators
In Problem sheet 2 we investigated some properties of a classical complex scalar field with Lagrangian

L = (∂µΦ∗)(∂µΦ)−m2Φ∗Φ , (1)

from which you were asked to take a Legendre transform and find the Hamiltonian

H = Π∗Π +∇Φ∗ · ∇Φ +m2Φ∗Φ , (2)

which takes us from the manifestly covariant Lagrangian formalism to the non-covariant Hamiltonian
formalism. The reason for taking this transition is, of course, that we want a quantization procedure
that resembles the one you are used to in QM1.

Before we proceed with quantization let me make some remarks: In classical mechanics, the
dynamical varibales are positions and velocities (momenta) of objects (particles). For each particle
there are three d.o.f for position and momenta. In field theory, position and momenta are not
dynamical variables. After all, unlike a particle that moves around a field can be everywhere at the
same time. Hence, position are just labels and the interesting dynamical variable is the amplitude
of the field, i.e. φ(x, t). According to Hamilton’s formalism, the equation of motion for a functional
F takes the form2

dF

dt
= {F,H}PB (3)

which is known as Hamilton’s equation. The Poisson bracket for functionals is defined as

{A,B}PB =
∫
d3x

(
δA

δΦ(x)
δB

δΠ(x) −
δA

δΠ(x)
δB

δΦ(x)

)
(4)

where the functional derivative of F [f ] is defined via the variation of F with respect to f , i.e.

δF := F [f + δf ]− F [f ] =
∫
dx
δF [f ]
δf(x)δf(x) . (5)

1Later in the course, we will meet another quantization procedure that relies on the Lagrangian formalism. In fact,
quantizing gauge fields (e.g. photon field) is hopeless in the standard Hamilton formalism, but much ‘easier’ in
the Lagrangian formalism.

2Assuming we have no explicit time dependence, i.e. only time dependence through φ(x, t).
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Thus, if one knows how to evaluate Poisson brackets then Hamilton’s equation encodes all of
classical mechanics (or field theory). Namely, given H Eq. (3) yields the differential equation of
motion for any F by the simple procedure of evaluating the Poisson bracket. The main advantage
of Hamilton’s formulation is that it gives us powerful methods for studying conserved quantities,
e.g. energy or momentum, by simply observing that if the Poisson bracket vanishes it immediately
follows that a quantity is conserved.

a) To connect the classical formalism to the quantum formalism let us begin by deriving the
following relations3

{Φ(x, t),Π(x′, t)}PB = δ(3)(x− x′) (6)
{Φ∗(x, t),Π∗(x′, t)}PB = δ(3)(x− x′) (7)

b) Calculate Hamilton’s equation of motion for Φ and show that it equals a Klein-Gordon
equation.

c) We can now follow the canonical quantization axiom you were introduced to in QM. However,
now we can apply it on fields4. The procedure is that a commutator replaces the Poisson
bracket in the following way5

{ , }PB −→
1
i~

[ , ] . (8)

which leads us to the equation of motion for Φ

iΦ̇ = [Φ, H] , (9)

which is just the Heisenberg equation. Convince yourself that this will also lead to the
Klein-Gordon equation.
With Eq. (8) as a fundamental axiom it follows that the equal-time commutation relations
(ETCR) in our quantum field theory take the form

[Φ(x, t),Π(x′, t)] = iδ(3)(x− x′) (10)
[Φ†(x, t),Π†(x′, t)] = iδ(3)(x− x′) (11)

Expand your field in terms of creation and annihilation operators and use the ETCR to show
that (Note: you only have to show it for one of them)

[ap, a
†
p′ ] = (2π)3δ(3)(p− p′) (12)

[bp, b
†
p′ ] = (2π)3δ(3)(p− p′) (13)

where all other commutation relations are zero.

(Hint: There are several ways to obtain the result, but one way is to treat the field as
operator valued distributions, i.e. they should be integrated over with a well-behaved test
funtction.)

d) Diagonalize the Hamiltonian and show that the normal ordered Hamiltonian take the form

N (H) ≡ : H : =
∫

d3k

(2π)3Ek
(
a†kak + b†kbk

)
. (14)

Comment on the step towards defining a normal ordered Hamiltonian and discuss why we
could remove the troubling term6.

3It suffices to show one of them.
4This is (in my opinion) a more organic way of quantizing instead of starting with the creation and annihilation

operators and deriving the field commutator from them.
5We will set ~ to one after this, but I include it here to display the complete axiom.
6I do not expect you to answer this question in full detail, but I want you to reflect on this somewhat sketchy step.
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e) Rewrite the conserved charge you found in Problem sheet 2 in terms of the same creation
and annihilation operators from above. Evaluate the charge of the particles of each type and
comment on the result.

Problem 13: Creation and Annihilation Operators

a) A real scalar field in the Schrodinger picture can be expanded as

φS(x) =
∫

d3p

(2π)3
1√
2Ep

(
ape

ip·x + a†pe
−ip·x

)
(15)

Show that the time evolution of creation (annihilation) operators take the form

eiHtape
−iHt = ape

−iEpt (16)
eiHta†pe

−iHt = a†pe
iEpt (17)

where you may assume that H is normal ordered Hamiltonian for a free real scalar field, i.e.
on the form a†a. There are two main steps:

• Use the normal ordered H and the commutation relations for a and a† to show that

[H, ap] = −Epap (18)

• Then, show that

(itH)nap = ap(it(H − Ep))n (19)

where you may use that for two operators that commute, eA+B = eAeB , which is a special case
of the Baker-Campbell-Hausdorf identity. Use these two results to show the above evolutions.
From here write down the scalar field field in the Heisenberg picture, i.e. ΦH .

b) Show that we can write the momentum integral in the following way∫
d3k

(2π)3
1

2Ek
=
∫

d4k

(2π)4 δ̄(k
2 −m2) θ(k0) , (20)

where δ̄(x) := (2π)δ(x), and show that it is Lorentz invariant.

c) Recall that we defined a Lorentz transformation of a (real) scalar field to be

φ(x)→ φ′(x) := U †(Λ)φ(x)U(Λ) = φ(Λ−1x) , (21)

where U(Λ) are unitary operators. This is what we call an active transformation. Show that
this tranformation implies that the creation and annihilation operators transform as

U †(Λ)a†pU(Λ) =
√
EΛ−1p
Ep

a†Λ−1p (22)

U †(Λ)apU(Λ) =
√
EΛ−1p
Ep

aΛ−1p (23)

d) (Extra Challenge) Show that

U †(Λ)φ(x)U(Λ) = φ(Λ−1x) (24)

(Hint: Try U(Λ) = e−
i
2ωµνJ

µν and expand the left hand side. Alternatively, start from
the right hand side and expand. Well, try both! It might also be helpful to use that
Jµν = i(xµ∂ν − xν∂µ).)
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