
Problem sheet 4
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 27 September 2021. If you spot
any typos and/or mistakes please send an email to lasselb@fys.uio.no.

Problem 14: Electromagnetism
The following action describes classical electromagnetism without sources

S = −1
4

∫
d4xFµνF

µν , (1)

where the electromagnetic field strength is

Fµν = ∂µAν − ∂νAµ , (2)

a) Derive the equations of motion for this theory by treating the Aµ as dynamical variables.
Where does the rest of Maxwell’s equation come from in this context? How would you
implement sources in this theory?

b) Use Noether’s theorem, and the spacetime translation invariance of the action, to construct the
energy-momentum tensor Tµν of this theory. This energy-momentum tensor is not symmetric1.
Instead, let us define

T̂µν := Tµν + ∂λ(FµλAν) . (3)

Show that this definition is symmetric and that it is an equally good energy momentum
tensor, i.e. it yields the same conserved charges2.

Problem 15: Propagators
Let T define a time-ordered product such that

T
(
A(t1)B(t2)

)
= θ(t1 − t2)A(t1)B(t2)± θ(t2 − t1)B(t2)A(t1) (4)

where the minus sign is valid if both A and B are fermionic operators.

a) The Feynman propagator for a scalar field can be written as

DF (x− y) = lim
ε→0

∫
d4k

(2π)4
i

k2 −m2 + iε
e−ik·(x−y) (5)

Show that this is a Green’s function of the Klein-Gordon operator.
1Even worse, it is not gauge invariant! This does not say you anything at this point as we haven’t talked about

gauge invariance. However, trust me when I say gauge invariance is important.
2One can also show that it is gauge invariant and traceless. Hence, it is a very good candidate for a physical

energy-momentum tensor. If you take GR, you will probably study it in more detail.
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b) Use Cauchy’s residue theorem to show that we can also write the propagator Eq. (5) as

DF (x− y) = 〈0|T
(
φ(x)φ(y)

)
|0〉 . (6)

You can also go the other way around, i.e. start with the time ordered definition and show
that it is equal to the momentum integral representation. If so, you may find it useful to use
the following integral representation of the θ-function

θ(t) = −1
2πi

∫
dz

1
z + iε

e−izt . (7)

Problem 16: Causality

a) Let us consider a real spin-0 scalar field φ(x). Explain what the following requirement

[φ(x), φ(y)] = 0 , (x− y)2 < 0 (8)

has to do with physics and connect it to causality.

b) Let us move on to consider spin-1/2 fermionic fields ψ(x). Show that naive commutation
relations

[asp, as
′ †
q ] = [bsp, bs

′ †
q ] = (2π)3δ(3)(p− q)δss′ (9)

with the field expansions

ψ(x) =
∫

d3k

(2π)3
1√
2Ek

∑
s

(
asku

s(k)e−ik·x + bs †k v
s(k)eik·x

)
(10)

ψ̄(x) =
∫

d3k

(2π)3
1√
2Ek

∑
s

(
as †k ū

s(k)eik·x + bskv̄
s(k)e−ik·x

)
(11)

lead to a result that does not vanish outside the lightcone. Instead, show by postulating
anti-commutation relations

{asp, as
′ †
q } = {bsp, bs

′ †
q } = (2π)3δ(3)(p− q)δss′ (12)

that

{ψ(x), ψ̄(y)} = 0 , (x− y)2 < 0 (13)

(Hint: You do not have to calculate the integrals explicitly, but use the same arguments as
Peskin and Schroeder on p.27-28. Note that if you want to obtain the same result as they do,
you have to use a stationary phase approximation on eq.2.51 and rewrite eq.2.52 as a Bessel
function and look at its behaviour for large r.)

c) The above result implies that if we could measure ψ(x), then we could have a violation of
causality. However, spinors are not directly observable. The only things we ever measure are
numbers, which are constructed out of bilinears in spinors. Thus, the physical requirement
should be that the commutator of bilinears vanishes outside the lightcone. Show that

[OΓ(x), OΓ(y)] = 0 , (x− y)2 < 0 (14)

where

OΓ(x) = ψ̄Γψ(x) , (15)

and Γ is a generic combination of Dirac matrices.

d) Based in this exercise what can you conclude on the relation between spin and statistics?
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Problem 17: Dirac Fields
Aside from the Causality issues we investigated in the previous exercise, by performing a naive
quantization procedure on fermions, you would find that your theory is unbounded, i.e. one can
create more and more particles by lowering the energy! Instead, by imposing anti-commutation
relations, the Hamiltonian can be shown to be positive-definite

H =
∫

d3k

(2π)3 Ek
∑
s

(
as †p a

s
p + bs †p b

s
p

)
. (16)

a) Find the momentum operator

P i =
∫
d3xT 0i (17)

in terms of creation and annihilation operators and construct the four momentum operator
Pµ. What is interpretation of these results?

b) Show that the Dirac Lagrangian

LD = ψ̄(i/∂ −m)ψ , (18)

is invariant under a global phase rotation, and show that the conserved current is given by

jµ = ψ̄γµψ . (19)

What is the conserved charge in terms of creation and annihilation operators?
(Hint: No calculations is needed to find the conserved charge! At this point, you should use
your experience from the complex scalar field and argue yourself towards the answer!)
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