
Problem sheet 5
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 4 Oktober 2021. If you spot any
typos and/or mistakes please send an email to lasselb@fys.uio.no.

We have studied free theories in some detail at this point, but we will now move into the realm of
interactions. This problem sheet aims to get familiar with interacting field theories and will work as
a build-up to how we connect our theoretical constructions to observables. The main observational
quantities we cover in this course are scattering cross sections and decay rates.

Problem 18: Contractions
When computing correlation functions, it is useful to decompose the fields into positive and negative
frequency parts. For the free real scalar field, this amounts to

φ(x) = φ+(x) + φ−(x) (1)

with

φ+(x) =
∫

d3p

(2π)3
1√
2Ep

ape
−ip·x (2)

φ−(x) =
∫

d3p

(2π)3
1√
2Ep

a†pe
ip·x (3)

such that

φ+(x)|0〉 = 0 , 〈0|φ−(x) = 0 . (4)

a) Show that

T (φ(x1)φ(x2)) =: φ(x1)φ(x2) : +φ(x1)φ(x2) (5)

where : (. . . ) : denotes the normal ordered product, and the contraction of two fields is defined
as

φ(x1)φ(x2) =
{

[φ+(x1), φ−(x2)] , if x0
1 > x0

2
[φ+(x2), φ−(x1)] if x0

2 > x0
1

(6)

Hence, it follows that

DF (x1 − x2) = 〈0|T (φ(x1)φ(x2))|0〉 , (7)

which we already knew.
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b) Next, show that

T (φ(x1)φ(x2)φ(x3)) =:φ(x1)φ(x2)φ(x3) : +DF (x1 − x3)φ(x2) (8)
+DF (x2 − x3)φ(x1) +DF (x1 − x2)φ(x3) . (9)

What does this say about the vacuum expectation value of an odd number of fields?

c) Lastly, show that

〈0|T (φ(x1)φ(x2)φ(x3)φ(x4))|0〉 = DF (x1 − x2)DF (x3 − x4) (10)
+DF (x1 − x3)DF (x2 − x4) (11)
+DF (x1 − x4)DF (x2 − x3) , (12)

and draw the diagrammatic expression for this result.

Problem 19: Kinematical Variables
This problem considers, in some detail, the phenomenologically very important relativistic kinematics
of two-body reactions where two particles of four-momenta p1 and p2 and masses m1 and m2 in the
initial state scatter to particles of momenta p3 and p4 and masses m3 and m4 in the final state.

a) How many independent Lorentz-invariant kinematic invariants can one form out of the four
momenta pi (i.e. how many Lorentz scalars that are not simply the masses of the involved
particles)? What would be the answer for a 2→ 3 and more generally 2→ N process?

b) The Lorentz invariant Mandelstam variables are defined as

s := (p1 + p2)2 , t := (p1 − p3)2 , u := (p1 − p4)2 . (13)

Show that they are not independent but satisfy

s+ t+ u =
∑
i

m2
i . (14)

c) State the 3-momentum |pcms| of the final state particles in the center-of-mass (CMS) frame
in terms of s and their masses!

d) Use the fact that p1 · p2 is invariant to calculate the relation between |pcms| and |plab| in the
laboratory system (which is defined by p2 = 0).

Problem 20: Amplitudes
The (Lorentz) invariant matrix element (or scattering amplitude) M is defined as1 (eqn 4.73 &
4.90 of PS),

(2π)4δ(4)(pA + pB −
∑

pf ) iM(pA, pB → pf ) ≡ 〈p1p2....| iT |pApB〉

=
(

0〈p1p2....|T
{

exp
[
−i
∫
d4xHint

]}
|pApB〉0

)
where, T is the non-trivial part of the scattering matrix (don’t confuse this with T which refers to
the usual time ordering of operators). The states | 〉 are the states in the interacting theory and
| 〉0 are the states in the free theory.

1Note that PS also points out that only the connected and amputated parts is considered. We are always going to
imply this so I will not write it out.
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a) Let us consider the Lagrangian for two real scalar fields

L = 1
2(∂µΦ)(∂µΦ)− 1

2M
2Φ2 + 1

2(∂µφ)(∂µφ)− 1
2m

2φ2 − λ′Φφφ (15)

Use the above formula to find the vertex rule in this theory, i.e. expand to O(λ′) for a suitable
set of initial and final states.

b) Use the vertex rule together with the scalar propagator to build up the amplitude M for
φφ→ φφ scattering. Draw the relevant Feynman diagram for each contribution.

Problem 21: Cross Section
This exercise is based on a working example from section 5.1 of PS. First, read closely section
4.5-4.8 to get a handle on cross sections and how to derive Feynman rules in QED. Apply this
knowledge and calculate the unpolarized cross section for the QED process e+e− → µ+µ−.
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