
Problem sheet 6
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 1 November 2021. If you spot any
typos and/or mistakes please send an email to lasselb@fys.uio.no.

Problem 22: Abelian Gauge Invariance
Let us consider the following Lagrangian for a massive spin-1 field

L = −1
4VµνV

µν + 1
2m

2
V VµV

µ , (1)

where Vµν = ∂µVν − ∂νVµ.

a) Find the differential operator in this theory and use the Green’s function method to find the
propagator Dµν(k). Why is the limit mV → 0 ill-defined?
(Hint: Use that Dµν(k)) is a tensor of rank 2! Also, you do not have to use the Euler-Lagrange
equations to find the differential operator. This can be done already at the level of the action
by dropping surface terms!

b) Let us now consider a complex scalar field Φ, charged under an Abelian gauge group U ′(1)1.
Write down the Lagrangian for this theory, including the most general form for the potential V
of Φ, and state explicitly the local gauge transformation that leaves this Lagrangian invariant!
(Hint: For this to work, there is a condition on the mass of the vector boson that must be
satisfied. Reflect on the results found here and the limit for mV in a).

c) Now add a Dirac fermion Ψ that has a right-handed component charged under U ′(1), and a
left-handed component that is neutral! Why must the fermion be massless but not the scalar?

d) Try to derive the vertex rules for the scalar part of the theory by using the S-matrix expansion
and discuss why the procedure ‘fails’!

Problem 23: Casimir operators for SU(n)
For each representation R of SU(n) the generators taR are normalized such that

tr[taRtbR] = TRδ
ab , (2)

where TR is some constant depending on the representation under consideration. The quadratic
Casimir operator C2(R) is defined by2

C2(R)IR = taRt
a
R , (3)

where IR is the R-dimensional identity.
1The prime denotes that this is not the U(1) gauge group of the Standard Model.
2Repeated indices are as always summed over!
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a) Using the fact that the identity I and the generators taF form a basis for n × n hermitian
matrices, where a = 1, . . . , n2 − 1, derive the Fierz identity:

(taF )ij(taF )kl = TF
(
δilδkj −

1
n
δijδkl

)
. (4)

b) Use the Fierz identity to derive the quadratic Casimir of the fundamental representation,
CF := C2(F ).

c) Derive the more general relation

C2(R) = TR
dimSU(n)

dimR = TR
n2 − 1
dimR , (5)

and with this find CF and CA = C2(A), the quadratic Casimir of the adjoint representation.
Express CA in terms of N and TF .
(Hint: remember that the structure constants are related to the generators of the adjoint
representation and use that tr([taF , tcF ][tbF , tcF ]) = −TF facdf bcd.)

Problem 24: Non-Abelian Gauge Invariance
Consider a local gauge transformation

g(x) = exp(iqα(x)) , (6)

where g is an element in an Abelian gauge group. A fermion field ψ transforms under action of G as

ψ(x)→ ψ′(x) = g(x)ψ(x) . (7)

Thus, the Lagrangian we have encountered for fermions (Dirac Lagrangian) is not invariant under
these local transformations. The reason is that the partial derivative is not the correct derivative to
use when dealing with local theories. This becomes apparent if we look at the directional derivative

nµ∂µψ(x) ≡ lim
ε→0

ψ(x+ εn)− ψ(x)
ε

, (8)

where the fields ψ(x+ εn) and ψ(x) have completely different transformation properties under local
gauge transformations and can therefore not be subtracted in a meaningful way. To correct for
this, one introduces a parallel transporter3 (or comparator in P&S). In gauge theories this parallel
transporter is called a Wilson line (or holonomy in pure mathematics), and has the general form4

U [y, x] = P exp
(
iq

∫ y

x
dzµAµ(z)

)
(9)

where P is the path-ordring operator, which orders the gauge fields along the path. It is analogous
to the time-ordering operator we have previously met in the course. For Abelian gauge fields it
is redundant, but as non-Abelian gauge fields are non-commutative it is needed. The Wilson line
transform as

U [y, x]→ g(y)U [y, x]g†(x) (10)

which is what we want (expect) from a bi-local operator.

3The notion of parallel transport and covariant derivative has a very natural origin in the mathematical language of
differential geometry. Gauge theories are most naturally described in this language, but we obviously do not have
time to go into more detail in this course. However, if you take GR next semester you will learn more about the
use of differential geometry in physics.

4This is just a solution to a parallel transport equation.
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a) Define the covariant derivative and derive the transformation law for a Abelian gauge field
under a gauge transformation g(x).
(Hint: expand the Wilson line.)

b) Derive the transformation law for a non-Abelian gauge field under a gauge transformation
g(x) acting on a multiplet ψ.

c) Write down the Lagrangian of a fermion multiplet coupled to a non-Abelian gauge field and
fully expand the kinetic term for the non-Abelian gauge fields.
(Comment: Trying to derive the vertex rules in this theory would (for one of the vertices)
lead you to the same problems as encountered in Problem 22 c). For gauge theories, the path
integral formalism is much more convenient. Hence, we will wait with these derivations until
we have introduced the path integral formalism.)

iii


