
Problem sheet 7
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 8 November 2021. If you spot any
typos and/or mistakes please send an email to lasselb@fys.uio.no.

In this problem sheet we are building our way up to the weak interactions of the Standard Model.
In problem 25 we will investigate the first succesfull model for the weak interactions, namely Fermi’s
theory. In problem 26 we are going to take a closer look at spontaneously broken discrete and
continous (global) symmetries. For spontaneously broken continous theories, we will encounter the
very important Goldstone theorem. In problem 27 we will take the analysis a step further and look
at a spontaneously broken local U(1) symmetry.

Problem 25: Fermi Theory and Muon Decay
Long before Yang-Mills theories became the basis for building a QFT, there was a model for weak
interactions put forward by Enrico Fermi in 1934. The basic ingredient for Fermi’s theory had been
provided by Pauli. To solve the puzzle of the continuous energy spectrum of the electrons emitted
in the beta decay of the nuclei, Pauli had suggested that along with the electron, an almost massless
neutral particle also was emitted. Fermi succeeded in incorporating Pauli’s suggestion and thus was
born the theory of weak interactions. Fermi also named the particle as neutrino. This theory of
weak interactions proposed by Fermi almost 90 years ago purely on an intuitive basis stood the test
of time inspite of many amendments that were incorporated into Fermi’s theory successfully. One
important amendment came after the discovery of parity violation in weak interaction by T.D.Lee,
C.N.Yang and C.S.Wu in 1956. But Fermi’s theory survived even this fundamental revolution and
the only modification was to replace the vector current of Fermi by an equal mixture of vector (V)
and axial vector (A) currents. Vectors and axial vectors behave differently when we go from left to
right-handed coordinate systems and hence the parity violation. This is the V-A form discovered
by Sudarshan and Marshak, Feynman and Gell-Mann and Sakurai in 1957.

The leptonic (V-A) Fermi Lagrangian takes the following form1

LF = −GF√
2

[
ψ̄νµγ

α(1− γ5)ψµ)
][
ψ̄eγα(1− γ5)ψνe)

]
+ h.c. (1)

a) What is the dimension of GF ? Compute the decay amplitude M for µ− → e−νµν̄e, i.e. find
the vertex rule2. Use this amplitude to calculate the differential decay width dΓ/dEe of the
muon3.
(Hint: The differential decay width will involve a symmetric tensor of rank 2, which you may
use Lorentz covariance to parametrize.)

1Note that the µ subscript here refers to the muon and is not a spacetime index!
2If you are comfortable with calculating S-matrix expansions then you can just state the vertex rule (amplitude)

and continue!
3If you are interested in putting in some numbers, then use the lifetime and mass of the muon to find GF

i



b) Let us consider the process

e−νµ → µ−νe (2)

By crossing symmetry, relate the amplitude M for this process to the muon decay amplitude
in a) and compute the averaged amplitude squared. Express you result in terms of the
Mandelstam variable s in the limit where the masses involved are negligible. Compute the
total cross section and comment on the result!
(Hint: The result should hint towards an incomplete theory. The important part of the
calculation can be found by simple dimensional analysis!)

Problem 26: Spontaneous Symmetry Breaking
We will here consider an analysis of spontaneous symmetry breaking in classical scalar field theory.

a) Let us consider the familiar φ4-theory with m2 replaced by a negative parameter, −µ2, yielding

L = 1
2(∂µφ)2 + 1

2µ
2φ2 − λ

4!φ
4 (3)

This theory has a discrete Z2 symmetry, i.e. it is invariant under φ→ −φ. Discuss the choice
of signs in the potential and why this choice is special! Minimize the potential and expand
around one of the minima to show that the resulting Lagrangian describes a scalar field of
mass

√
2µ. What does this mean? Discuss the Z2 symmetry of the resulting Lagrangian.

(Hint: Draw the potential and make your conclusions from there!)

b) Next, let us consider a more interesting theory which arises when the broken symmetry is
continous. We have a theory of n scalar fields,

L = 1
2(∂µφi)2 + 1

2µ
2(φi)2 − λ

4
[
(φi)2]2 (4)

where a summation over i = 1, . . . , n is understood. Demonstrate explicitly that this theory
is symmetric under SO(n), while the vacuum states are only symmetric under SO(n − 1).
Demonstrate also explicitly that the theory contains a massive scalar field and n− 1 massless
scalar fields, as required by Goldstone’s theorem.

Problem 27: Broken U(1) symmetry and massive gauge boson
In Problem 22 b) you were asked to write down what we call scalar-QED with the most general
form of the potential V . This Lagrangian takes the following form

L = −1
4FµνF

µν + (Dµφ)†(Dµφ)− V (|φ|) (5)

with Fµν = ∂µAν −∂νAµ and the covariant derivative Dµ = ∂µ+ ieAµ. This Lagrangian is invariant
under the gauge transformations4

φ(x)→ eieα(x)φ(x) , Aµ(x)→ Aµ(x)− ∂µα(x) (6)

The potential can then be chosen to have the form

V (|φ|) = −µ2φ†φ+ λ

2 (φ†φ)2 (7)

By performing the same steps as in Problem 26 show that the gauge boson acquires a mass. Count
the degrees of freedom before and after and explain what happened with the goldstone boson?
(Hint: It might be useful to first write the complex field in terms of components φ1 and φ2. One of
these would then correspond to the Goldstone boson, which can be eliminated by some mechanism.)

4Note that I constantly switch between ± in the covariant derivative, which I understand can be annoying! However,
this is common in the literature so you might as well get used to it.
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