
Problem sheet 8
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 15 November 2021. If you spot any
typos and/or mistakes please send an email to lasselb@fys.uio.no.

In this problem sheet, we are going to study two different theories that undergo spontaneous
symmetry breaking. In problem 28, we will explore a theory based on SU(2) where the scalar
field transforms in the adjoint representation. In problem 29, we will study the theory based on
SU(2)× U(1) where the fields transform in the fundamental representation. These exercises are
very similar, but there are subtle differences, and therefore I want you to do them both in detail to
understand what is happening. Many of the steps here are very similar to those in Problem set 7,
but there is a reason I want you to practice!

Problem 28: SSB of SU(2)
Consider the following SU(2) gauge theory described by the Lagrangian

L = −1
2tr(FµνFµν) + tr(DµΦDµΦ)− V (Φ) (1)

where Φ = Φaτa is a real scalar field transforming in the adjoint representation and τa = σa/2 are
the SU(2) generators in terms of Pauli matrices. The potential is given by

V (Φ) = −µ2tr(Φ2) + λ[tr(Φ2)]2 (2)

where µ2 and λ are positive parameters (why?).

a) How does the field Φ and its components Φa transform under SU(2)? Write down explicitly
the covariant derivative DµΦ.

b) Minimize the potential and identify the configuration space of the vacuum. Write down the
unbroken (if there are any) and broken generators. What is the unbroken subgroup?

c) Choose unitary gauge and write the potential around the minimum, e.g. Φ3 = v + φ(x), and
expand the kinetic term of Φ and determine how many gauge bosons acquire masses and how
many remain massless. Does that agree with your expectations from a)? Explain!

Problem 29: SSB of SU(2)× U(1)
Consider the following SU(2)× U(1) gauge theory described by the Lagrangian

L = −1
2tr(WµνW

µν)− 1
4BµνB

µν + (DµH)†(DµH)− λ
(
H†H − v2

2
)2

(3)
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where we for reasons you soon will understand have chosen to write the potential on this very
specific form. Here H is a complex scalar field transforming in the fundamental representation of
SU(2). The covariant derivative of the complex doublet field H, is given by

DµH = ∂µH − igW a
µτ

aH − ig
′

2 BµH (4)

where

W a
µ = ∂µW

a
ν − ∂νW a

µ + gεabcW b
νW

c
ν (5)

Bµν = ∂µBν − ∂νBµ (6)

In the above τa, a = 1, 2, 3, are the SU(2) generators and g, g′ are the couplings associated with
the SU(2) and U(1) groups, respectively.

a) Minimize the potential and identify the configuration space of the vacuum. Write down the
unbroken (if there are any) and broken generators. What is the unbroken subgroup?

b) Write the potential around the minimum, identify the Higgs mass mh and write the terms in
the potential as functions of mh and the vacuum expectation value v.
(Hint: Again, work in the unitary gauge and use the convention

H = 1√
2

(
0

v + h(x)

)
(7)

with h a real scalar field.)

c) Expand the kinetic term of H and determine how many gauge bosons acquire masses and
how many remain massless. Does that agree with your expectations from a)? Explain!

d) Find the masses of the physical gauge bosons

W±µ =
W 1
µ ∓ iW 2

µ√
2

(8)

Zµ =
gW 3

µ − g′Bµ√
g2 + g′ 2

(9)

Aµ =
gBµ + g′W 3

µ√
g2 + g′ 2

(10)

e) In 1973 CERN announced the observation of neutrino-electron interactions of the form
νµe
− → νµe

−. Explain how this observation falsifies the SU(2) theory in Problem 28 and
support the SU(2)×U(1) theory studied in this exercise.
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