
Problem sheet 9
FYS4170-Relativistic Quantum Field Theory

Lasse Lorentz Braseth (lasselb@fys.uio.no)

 These problems are scheduled for discussion on Monday, 22 November 2021. If you spot any
typos and/or mistakes please send an email to lasselb@fys.uio.no.

In this problem sheet, we will again study two different gauge groups and the consequences of
SSB. The weak interactions violate parity, with the left-handed and right-handed fields belonging
to different representations of the gauge group. In Problem set 8 we only considered SSB and
gauge boson masses, but we also want to take into account fermion masses. Since the left and
right-handed fields belong to different representations, they transform differently, meaning that
fermion mass terms are not gauge invariant! To explain fermion masses, we must again invoke the
mechanism of SSB.

(Comment: The next natural step after finding fermion masses would be to derive the Feynman
rules in electroweak theory. To do this properly requires the machinery of functional integrals.
However, time is pressing and to fully appreciate the Path Integral formalism; we would need at
least a couple more weeks. Thus, you have to accept for now that Feynman rules can be read directly
from the Lagrangian! However, if you take FYS5120 next semester, all of this will be studied in
detail.)

Problem 30: Electroweak SU(2)R
Let us consider a Yang-Mills theory where the gauge group is SU(2)R, i.e. the right-handed part
of the fermion field Ψ transform in the fundamental representation of SU(2)R. In contrast, the
left-handed part is not charged1. Furthermore, we add a scalar field Φ in the same representation
as ΨR = PRΨ:

L = −1
4(F a

µν)2 + Ψ̄L(i /D)ΨL + Ψ̄R(i /D)ΨR

+ (DµΦ)†(DµΦ)− V (|Φ|) + (Ψ-Φ interactions) (1)

a) How does the fields Ψ and Φ transform under SU(2)R and how many components does the
multiplets have? How does the gauge fields transform under SU(2)R, and how many gauge
bosons are there?

b) Write down explicitly the covariant derivatives DµΨR, DµΨL and DµΦ.

c) Write down the missing Ψ-Φ interaction terms allowed by gauge invariance, and show by the
mechanism of SSB that the fermions aqcuire masses. (Hint: use unitary gauge!)

1Meaning that it does not transform under SU(2)R
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Problem 31: Electroweak SU(2)L×U(1)Y
Let us now consider the electroweak part of the SM, namely the SU(2)L×U(1)Y gauge theory. For
simplicity, let us restrict the fermions to include the electron and its associated neutrino, which we
assume to be massless and left-handed. For the electromagnetic and weak interactions to be treated
on a combined basis, there has to be a close connection between the neutrino, which interacts only
through weak processes, and the electron, which is charged under U(1)Q. The standard method for
achieving such a relationship in quantum field theory is to combine the fields for the related particles
into a multiplet that forms a non-trivial representation of the appropriate symmetry group. If Ψ(x)
is a field multiplet with weak hypercharge Y , then it transforms under a local gauge transformation
as

Ψ(x)→ eiα
a(x)ta+iβ(x)Y Ψ(x) (2)

where ta belong to the appropriate representation of SU(2). The SM electroweak Lagrangian takes
the following generic form

LSM = Lgauge + Lfermions + LHiggs + LY ukawa (3)

a) Write down the generic form for each of these terms. State how the fields transform and the
corresponding covariant derivatives. Further, show how the fermions acquire masses.

b) Extend the description to include the three families of leptons and write down Lleptons and
LΨ−Φ in this case. Do the three families couple in the same way to the Higgs?

c) In Problem set 8 we compared an SU(2) theory to an SU(2)×U(1). There we concluded that
the former contains three gauge bosons while the latter includes four gauge bosons. It is an
experimental fact that (apart from the Higgs) there are four gauge bosons in nature, naturally
concluding that the latter won the battle. Now, explain why we only have left-handed and
not right-handed doublets in the SM2!

2It can be easy to forget in all this formalism, but our theory has to describe experimental results!
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