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Relativistic Quantum Field Theory

This is some lecture notes for Fys 4170 from ca. 15.octoberber until 1. st of novmber

2021. Some details are not included, but the text illustrates how the main points have been

covered through the lessons. Eventual errors will be updated later.

Jan Olav Eeg

I. TRYING TO BUILD A THEORY FOR STRONG INTERACTIONS

At the time when pions and nucleons were beleived to be elementary one tried to construct

a theory for interactions between pions and nucleons as a field theory where photons were

replaced by pions and electrons by nucleons in an isispin symmetric way. Then one should

have Feynman diagrams like in Fig. 1. An interaction isospin symmetric Lagrangian for

strong interactions was written down::

LπN = GπN N̄ (τi Φi) γ5N , N =





p

n





where N is the nucleon doublet containing the proton field p and the neutron field n, Φ =

the pion triplet (π±, π0) and τi the Pauli matrices which here represents isospin.

From the pure mathematical point of view this theory seemed to be OK. BUT: In contrast

to QED, the pi-nucleon coupling had to be much to big for a perturbative expansion:

(GπN)
2

4π
≃ 15 (1)

Therefore this theory failed to describe pi-nucleon physics.

II. QUARKS AND PARTONS

A. Multiplets for baryons and mesons

It was shown by Gell-Mann in the beginning of the 1960’s that the pions and kaons

make an octet of pseudo-scalar particles (0−) within SU(3)-symmetry, as shown in Fig.2.

There were also a similar octet containining the proton, neutron and the strange Σ, Λ and
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FIG. 1: Some π-Nucleon Feynman diagrams
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FIG. 2: Pseudoscalars (0−, left figure) and baryons(12
−
)(figure in middle put in octet (8-plets)

representations of SU(3). This was making order i hadronic particles. BUT the elementary triplet

(3-plet) representation (“quarks”) was apparently not realized - or...?

Ξ-particles. More particles were found, for instance the were spin 1-octets containing the

ρ,K∗, ω, φ-particles, and a SU(3) decuplet containing the spin 3/2 particles ∆,Σ∗,Ξ∗,Ω−.

All these particles were explaines as built up of the fundamental SU(3)- triplet ()u, d, s.

As more and more baryons and mesons were discovered , some physicists were staring to

think that all these were not elemntary particles, but were composed from “smaller”, more

fundamental particles. In Fig. 2 we see the meson and baryon SU(3) octets. Maybe the

elementary triplet could correspond to fundamental constituents of the baryons and mesons?

Sunch fundamental particles were called quarks or simply partons.. This hypothesis were

from the beginning controversial, and those who “believed” in quarks were sometimes called

“frogs sitting around a pond saying quark, quark,quark “.

The octet baryon symmetry might be obtained by combining three quarks from the SU(3)

triplet in Fig. (2). These might then be the u-quark with charge +2/3 and isospin + 1/2,

the d-quark with charge -1/3 and isospin -1/2, and the s-(strange) quark withc zero charge

-1/3 ad isospin zero. Then the proton should contain two u-quarks and one d-quark, and

the neutron should contain one u-quark and two d-quarks. One important point is that we
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FIG. 3: Elektron-proton collision at high energy (at Stanford Linear Accellerator Center, iCalifor-

nia, in 1969) e p → eN π

have baryons with spin 3/2, Assuming the SU(3) triplet in Fig. 2 build up all the baryons,

there are three cases where baryons are built up from three u-quarks (the ∆++ particle),

three d-quarks(the ∆− particle), or three s-quarks(the Ω− particle), with all their three

quarks having spin plus 1/2 along the same axis. BUT: Three identical particles in the same

state should be forbidden according to the Pauli exclusion principle;- ....unless..... there is

another quantum number which is different for the three quarks. This new quantum number

is for some peculiar reason called color. And in order to save the Pauli principle, there

must be at least three different values of this new quantum number. Further if we say that

there are just three different colors, it is natural to choose SU(3) as the color group. This

group is called SU(3) color and written SU(3)c. Then the matematicians can tell us that by

combining three color triplet quarks we may obtain a color singlet baryon state, with other

words, the color singlet baryon has no open color. Mesons can be built from a triplet and

an anti-triplet.

B. An elektron-proton collision and the 1974 revolution

So, is the proton elementary, or does it consist of smaller pieces? To try to find out this

there was from 1969 going on an experiment at SLAC(California) were hard electrons were

shot against nucleons:

What was seen was that new particles could occurr, for instance that an extra ppion was

coming out, i. e. the reaction ep → epπ0 or ep → enπ+(parton) were occurring. The hard
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FIG. 4: Collision ep → eX in the Parton Model. After the collision, quarks, anti-quarks and gluons

will hadronize to make physical, color singlet baryons and mesons

electron could not shoot loose a single quark. However, the energy from the electron may

create a q− q̄-pair inside the proton. And a q− q̄-pair may come out as a color-less physical

meson. The conclusion was that a quark cannot be free! The “color”-charge is confined !

i.e. bound to a baryon or a meson.

The intepretation of data is the following: A proton consisted of the three valence quarks

uud. At high energies, the proton in addition consists of “sea-quarks” = quarks and anti-

quarks and also gluons. Thus the picture of the proton is three quarks with different colors

combined to a color singlet. The quarks cannot be kicked out of the proton. The energy

from the colloding electron (transmitted via the virtual photon) is used to make a quark

anti-quark pair. Then for a (very) short time the proton contains four quarks and an anti

quark, which combine to one baryon and one meson. The quark anti-quark pair is thought

to be made via the emission of a gluon which again makes the quark anti-quark pair. This

gluon is the analogue of the photon in elecromagnetic interactions, where a photon can make

an electron-positron pair. Thus the picture of the proton is then three valence quaks for

small energien plus some gluons plus some quark anti-quark pairs when the energy grows.

In 1974 came the “1974-revolution”: Then the experimentalists found the socalled Ψ-

particles. The decay spectrum of these particles behaved qualitatively as the decay-spectrum

of positronium e+ e−. The Ψ particles were intepreted as a system of a heavy (for that time)

quark c and its anti-particle c̄. After this, the quark picture was accepted among (almost)

all particle physicists. And, actually there were a cood candidate for a field theory for the

color force,quarks and gluons, namely the Yang Mills theory.



5

III. YANG MILLS THEORY. GAUGE TRANSFORMATIONS.

A. Gauge theory

The Yang-Mills (YM) theory , which is used i modern field theory within the Standard

model were introduced 1954 already. This theory was a generalisation of QED:

LQED = ψ γµ (iDµ −m)ψ −
1

4
F µν Fµν , (2)

where the covariant derivative Dµ is given by

iDµ = i∂µ − eAµ , (3)

and field tensor Fµν might be written via a commutator between covariant derivatives:

[iDµ , iDν ] = ieFµν , Fµν = ∂µAν − ∂νAµ. (4)

The gauge group of QED is U(1)em, where the subscript em means “electromagnetic”. The

QED lagrangian is invariont under the following combined transformation for fermion and

gauge field respectively: The gauge transformations are

ψ(x) → ψ(x)′ = eiα(x) ψ(x) , Aµ(x) → Aµ(x)
′ = Aµ(x) −

1

e
∂µα(x) (5)

The mass term is trivially gauge invariant, and so is the field tensor Fµν . But the term

including the covariant derivative is invariant if the object (Dµ ψ) transforms as ψ itself :

Dµ ψ(x) → D′
µψ

′ = eiα(x)Dµ ψ(x) (6)

Yang Mills (YM) theories have the generic form:

LYM = f γµ (iDµ −mf ) f −
1

4
F a,µν F a

µν , (7)

where Dµ is the covariant derivative

iDµ ≡ i∂µ − g Aµ ,where Aµ = taAa
µ (8)

Here the ta’s are the generators of some gauge group. There are then as many gauge fields

as there are generators in the gauge group. Because the ta matrices do not commute among



6

themselves, the field tensor Fµν = F a
µν has an extra term - to obtain gauge invariance, and

is given by the commutator of two covariant derivatives:

[iDµ, i Dν ] = −ig Fµν ,where Fµν = ∂µAν − ∂νAµ + ig[Aν , Aν ] . (9)

or

F a
µν = ∂µA

a
ν − ∂νA

a
µ − g fabcAb

ν , A
c
ν , with [ta , tb] = ifabctc . (10)

Now there is an extra term in the field tensor because the generators do not commue.

The fermion muliplet field f has n components (i.e there are n Dirac fields). The generators

ta are n× n-matrices. The gauge group may be for say SU(n), or some orthogonal group.

It is important that the vector bosons interact among themselves! We obtain triple and

quartic vertices when the tensor Fµν is squared in the lagrangian.

The YM field theory came in some sense “too early”. It was apparently no use for it at

the time it was presented. There were no known massless vector bosons, except the photon.

The ρ had a mass, and the YM has no mass term for the vectors, which would break gauge

invarians. But at that time it was apparently no use for it. Was Y.-M. -just a mathematical

exercise?

Nowadays one considers Gauge invariance as some deep “guiding principle”

For Yang-Mills theory the corresponding transformation for fermion fields is

f(x) → f(x)′ = U(x) f(x) ; U(x) = eiα
ata ∈ SU(n) (−for inst.)

where αa(x) is a set of real functions.

The mass term is again trivially gauge invariant But the term including the covariant

derivative is invariant if Dµ ψ transforms as ψ itself.

Dµ f(x) → D′
µf(x)

′ = U(x)Dµ f(x) (11)

Gauge field transformations in the non-Abelian case will contain a rotation among fields:

Aµ → A′
µ = U Aµ U

† +
i

g
(∂µU) U

†,

One then obtains after a lengthy calculation

Fµν → F ′
µν = (∂µ(Aν)

′ − ∂ν(Aµ)
′) + ig[(Aν)

′ , (Aν)
′] = ......

...... = U Fµν U
† ; U = U(x) = eit

aαa(x) (12)
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such that

1

2
Tr(Fµν F

µν) =
1

4
F a
µν F

a,µν (13)

is invariant under gauge transformations.

B. Quantum chromo dynamics (QCD)

Assuming that quarks exsist and carry three different colors, one may construct a quark

gluon field theory of Yang-Mills theory type Thus QCD has the form

LQCD =
∑

q

q γµ
(

i∂µ − gst
aAa

µ −mq

)

q −
1

4
F a,µν F a

µν

Note that there is a sum over quark flavors q = u, d, s, ... The field tensor an extra term

F a
µν = (∂µA

a
ν − ∂νA

a
µ) + gs f

abcAb
νA

c
ν (14)

All the six quark fields q (q = u, d, s, c, b, t) have 3 components (i.e 3 Dirac fields). The

ta matrices are generators (3 × 3-matrices) of the gauge group SU(3)c). It is important

that vector bosons interact among themselves! We obtain triple and quartic vertices. The

triple gluon vertex has dramatic consequences for QCD compared to QED. The im portant

argument for (at least) three colors is : Otherwise the paricle Ω−(sss) cannot be explained!

Remember the Pauli-principle !

gst
aγµ

FIG. 5: The quark gluon coupling(left diagram),Quark-quark scattering (second diagram), and

quark-gluon scattering (third and fourth diagram)

QCD is significantly different from QED due to triplet coupling The gauge copling gs

is universal, the same for quark-gluon and triple gluon couplings Perturbative QCD breaks

down for low energies (say 1-2 GeV). See later.
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IV. RENORMALIZATION. COMPARISON OF ASSYMTOTIC BEHAVIOUR

OG QED AND QCD

In quantum filed theories One might say that the particles, leptons and quarks, and

also gauge bosons and their antiparticles are are exitations of the fields. In quantum field

theories (QFT) the number of particles are not conserved, only the total energy and the

(electric) charge. Particles might appear, live for a very short time and disappear, as quantum

fluctuations.

In order to understand the color force of QCD we will compare it with QED.

A. Renormalization of QED. A simplified description

. A single electron or a single photon “alone in the universe” should be stable. That is,

they should not change by the scattering operator S, i.e. that:

S|e−(p)〉 = |e−(p)〉 ; S|γ(k)〉 = |γ(k)〉 (15)

The scattering operator might be written as

S = 1 + ∆S with ∆S =
∞
∑

n=1

S(n) , (16)

where S(n) ∼ en. This means that for electrons and photons ∆S is expected to have no

effect for particles on the mass-shell, p2 = m2:

〈e−(p)|∆S|e−(p)〉 = 0 ; 〈γ(k)|∆S|γ(k)〉 = 0 . (17)

For off shell particles, as part of higher order diagrams, or for bound fermions, the effect

may in general be non-zero. It turns out that eq. (17) is not satisfied. This means that

the theory has to be redefined. Then the quantities in the original Lagrangian will be

intepreted as bare quantities which has to be replaced by renormalized quantities intepreted

as the physical quantities. In the following this renormalization is described to order e2 in a

qualitative way.

The explicite calculations of these corrections (loop diagrams) are found in textbooks,

for instance in the textbook of Peskin and Schroeder (PS).
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FIG. 6: Self-energy correction(s) to electron propagator

• Renormalization of the electron mass and electron field

In Fig. 1 the left diagram (just the electron line) corresponds to the bare electron state

or electron propoagator. The lowest order e2 correction to the electron (state or propagator)

is given in the middle. The fermion self energy diagram gives by direct computation a result

proportional to

δ(4)(p− p′)u(p′) e2Σ(p) u(p) , (18)

where u(p) is a Dirac spinor for quantised four momentum p and Σ(p) is a four by four

matrix in Dirac space, given as a calculable integral
∫

d4k over photon loop momentum k

(calculated explicitly in PS):

An explicite calculation gives

−i(e2 Σ(p))γ·p=m = δm ∼ m
e2

4π2
ln(

Λ

m
) (19)

The infinite δm is handeled by parametrising the divergence by a cut-off Λ. One should

note that to obtain δm ∼ mR, the cut-off Λ must be huge...

Now there are two problems: First, an explicite calculation shows that the result (18) is

not zero in contrast to (17). Second, δm is even infinite due to a divergent loop integration

for Σ(p) (see PS). The first problem is solved by renormalizing (i.e redefining) the mass by

defining the renormalized mass mR :

mR = m + δm , (20)

where mR is intepreted as the physical mass. Then the mass part of the Lagrangian split in

two parts

Lmass = −mR ψψ + δmψψ . (21)

The last term ∼ δm is taken as part of the interaction together with the electromagnetic

interaction −ejµAµ. Now the extra contribution in diagram 1c (the counterterm) to the
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self energy ∼ δmu(p)u(p) substracts the value of diagram 1b to get zero at the mass shell

p2 = m2
R.

But mass renormalization is not enough to stabilise the theory. One must also require

that the fermion propagator have the correct pole at p2 = m2
R. From the self enery diagram

we obtain the following corrected propagator

S(p)corr = S(p) + S(p) e2Σ(p)S(p) + O(e4) (22)

Now we may write Σ(p) as an expansion in (p2 − m2
R):

−iΣ(p) = A + B(p2 − m2
R) + (p2 − m2

R)
2 Σ̃(p) (23)

where A and B are momentum independent and divergent, while Σ̃(p) is finite.

Using the expression S(p) = i/(γ ·p−m) for the propagator I give for completeness three

equations (24) (25) (26) not given in the lectures. Using the general expansion

1

G−H
=

1

G
H

1

G
+ ..... (24)

and one finds the corrected propagator

S(p)corr =
i

(γ · p− m− e2A− e2B(p2 − m2
R) − (p2 − m2

R)
2 e2Σ̃(p))

(25)

Here A is proportional to δm such that m+ e2A = mR, and therefore

S(p)corr =
i

(1− e2B)(γ · p− mR)− (γ · p − mR)2 e2Σ̃(p)
(26)

Now, as the propagator is the contraction of ψ and ψ, the factor (1− e2B) in the denom-

inator can be swollowed by the field. Thus one defines the renormalized electron fields ψ, ψ

as

ψ → ψRen = (1 + e2B)−1/2 ψ + O(e4) (27)

After the renormalizing procedures have been performed the bare electron propagator

will be replaced by the quantity

S(p)Rcorr = S(p)R (1− e2R Σc(p)) + O(e4R) (28)
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FIG. 7: Correction(s) for photon propagator gives vacuum polarisation

where Σc(p) = (γ · p − mR) Σ̃(p), and SR contains only renormalized quantities. Also

S(p)Rcorr has a pole ar γ · p = mR. Note also that we have antisipated rnormalization og

the electric charge eR.

The remaining part Σc of diagram 1b for off-shell electrons are nonzero! It turns out the

for a bound electron in a Hydrogenatom (which is off-shell) will give the main contribution

to Lamb-shift. The degenerations of 2S1/2 and 2P1/2 in Hydrogen are now removed (lifted)

by the self-energy contribution for bound (off-shell) electrons. A detailed analysis shows that

this gives the famous Lamb-shift in Hydrogen giving the λ ≃ 21 cm line.

• Vacuum polarisation

In Fig 7 the left diagram, just the wavy line, represents the photon state or photon

propagator. The diagram in the middle of Fig 7 gives a corrections for the photon, usually

called the vacuum polarisation diagram which means that electron-positron pairs appear

and disappears This can be seen as screening of electrix charge!

The contrubution from this diagram can be written as

〈γf |∆S|γi〉 ∼ δ(4)(kf − ki) (ǫ
µ
f )

∗ǫνi e
2Π(k)µν , (29)

where Πµν is the vacuum polarization tensor.

Now current conservation(gauge invariance) protects the photon from getting an extra

mass., ∂µ(ψγ
µψ) = 0, which implies kµΠ(k)µν = 0, and thereby

e2Π(k)µν = (kµkν − k2gµν)e
2D(k2) (30)

The quantity D obtained from the loop integration for vacuum polarization in QED can be

written

D(k2) = D(0) + k2Πc(k
2) (31)
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FIG. 8: Vertex correction(s) for electromagnetic interaction

where D(0) is a divergent constant and Πc(k
2) is finite. Here a factor (1 + e2D(0))−1/2 can

be swallowed into the electromagnetic field analogous to (28) .

Aµ → Aµ
R = (1 + e2D(0))−1/2Aµ (32)

and the corrected renormalized photon propagator will be

(
−1

k2
) → (

−1

k2
)(1 + e2RΠc(k

2)) (33)

• Renormalization of the vertex (coupling e)

In this case the diagram in the middle of 8

ieγµ → ie(γµ + e2Λ(p, p′)) where Λ(p, p′) = K + Λc(p, p
′) (34)

where Λ(p, p′) contains a divergent part K which is compensated by the counterterm to the

right in 8. Going through the renormalization procedure, the divergent part is swallowed

into the charge e such that the renormalized version reads

ieγµ → ieR(γµ + e2RΛc(p, p
′)) (35)

where Λc(p, p
′) is finite and goes to zero as q = (p− p′) goes to zero.

Within non-relativistic quantum mechanics , and also for relativistic equation of Dirac,

the gyromagnetic factor of the electron is ge = 2. Now the diagram in the middle of Fig. 8

will give a finite contribution/correction to the gyromagnetic factor:

ge = 2 +
αem

π
(36)
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B. Running couplings in QED and QCD

It should be noted that the there are diagrams with self energy interaction on the external

legs and with a vacuum polarization graph on the external photon leg. However, there is

a relation between the vertex correction Λ(p, p′) and the self-energy Σ, called the Ward

identity:
∂Σ(p)

∂p
= Λ(p, p) (37)

Then it turns out that the net renormalization of the charge is due to vacuum polarization

alone

• Running electromagnetic coupling

In Fig. 9 we display ee scattering to lowest order (left) then the possible fermion loops

(f means a charged particle), and to the right a diagram with a W -bosons on the loop.

e

e

γ

e

e

e

e

γ γ

e

e

e

e

γ
W+

W−

γ

e

e

f̄

f

FIG. 9: Diagrams explaining αem, which grows with energy! αem ≃ 1/129 at energy = MZ .

Alternative: Modification of Coulomb potential

Now the interaction between two electrons con be obtained by the diagrams in Fig. 9

∼
e2R
k2

(

1 + e2R Πc(k
2)
)

jµ(1) jµ(2) (38)

where jµ(1, 2) are the dirac currents in momentum space for the electron lines. The effective

measurable fine structure constant at arbitrary k2:

αem
eff (k

2) =
e2R
4π

(

1 + e2R Πc(k
2)
)

+ O(e6) (39)

and the physical, renormalized fine structure constant, measured at k2 → 0 is:

αem
R = αem

eff(0) =
e2R
4π

=
e2

4π

(

1 + e2 D̂(0)
)

+ O(e6) ≃
1

137
(40)
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Using cut-off regularization, D̂(0) ∼ ln(Λ/m). The cut-off Λ is hidden in eR! Previously

this diagram(s) were presented as a correction to the Coulomb potential. Now , in modern

field theory, one usually intepretes this as an energy dependent fine structure. This means

that αem = 1
137

for low energy photons and αem > 1
137

for larger energies - giving energy

dependent αem Adding later also other charged particles, in the loop i.e more charged leptons,

quarks and W-bosons make αem ≃ 1
128

at the energy MZc
2.

Note that the physical quantities are not dependent on Λ! ; All dependences of Λ are

hidden/included in renormalized physical quantities! QED is said to be renormalizable ,

which means that all divergences can be hidden in a few quantities.

Similar renormalization procedures in electroweak interactions

• . Running of strong coupling

In QCD there is “vacum polarization” due to quark anti-quark pairs. Due to the triplet

gluon coupling there is also“gluonic vacuum polarization”. This diagram has opposite sign

of the corresponding diagram for quark anti-quark pairs! This has dramatic consequence

for high energies: QED and QCD has opposite properties at high energies αs
R(k

2) → 0 for

k2 → ∞. (“assymptotic freedom”), and is of order one for |k| ∼ 1 GeV.

Experiments gives:

αs
R(M

2
Z) ≃ 0.12 (41)

Using the results from renormalization of QCD, one obtains for lower energies.

⇒ αs
R((1GeV )

2) ≃ 0.5 (±10%) and αs
R((0.7GeV )

2) ≃ 0.6 to 1.2 (42)

The great uncertainties for lower energies below 1 GeV shos that perturbative QCD breaks

down at small energies! Other methods are needed. The most used method nowadays is

lattice gauge theory

In Fig. 10 we show qq-scatteringto lowest order in perturbative QCD (left) with correc-

tions with a quark loop(middle) and gluonic loop. (right)
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FIG. 10: Diagrams explaining αs, which become smaller with growing energy. The quark and the

gluon loops have different signs. The gluon loop dominates.This has dramatic consequenses for the

high-energy behavious of perturbative QCD

FIG. 11: Qualitative behaviour of effective αem and of effective αs

C. Nuclear forces

Two protons will repel each other electrically. But if they come very close the may attract

each orther because the color forces are stronger than the electric ones at very close distance.

Two protons feels the “tail” of quark-gluon-forces, in spite of elektric repulsion

Nuclear forces are much stronger than elektromagnetic forces

-at short distance

The color forces are so strong that the quarks could not come out of the proton.

The proton (-and the neutron) are color neutral. Now the picture is that the true strong

force is the color force. While the nuclear force is only the tail of the color force, some times

called the deduced color force. The color force binds quarks together to baryons and mesons,

while the nuclear force bind nucleons to varioous nucleuses.
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FIG. 12: Attractive nuclear forces


