University of Oslo
FYS4170/9170 — Relativistic Quantum Field Theory

Problem set 7

Problem 1 Dirac theory, spin, magnetization

(J. Skaar)

In this problem we consider the free, quantized Dirac theory, and show how
the theory leads to an effective current density due to an inhomogeneous
spin density.

The one-particle fermionic state with spin label s and momentum p is
given by

Ip,s) = \/2Epail|0), E2=p’+m’. (1)
Our fermion will be expressed as
3
_ st st _ [ dp t
) =afl0). of = [ hremiay )
where a3l should be viewed as a wavepacket creation operator. The

wavepacket spectrum &(p) is normalized by

3
| Gl =1

We have used the name £(p) rather than ¢(p), since the letter 1 is used as
the Dirac field.

a) Calculate {ag,a}'} and (¢, s[¢, s) = (0laga|0).

Hint: Use the fact that the anticommutator is linear in both inputs,
and the definition of the ladder operator in (1). Both answers will be 1.

b) Show that the expectation value of the observable 1) in the state (2) is

(Vp) = W(z)¥(x), (3)

up to an additive (infinite) constant. Here we have defined

d3 —1ipT
\I/(x):/(%f))g £(;)E)‘pus(p)e .

Hint: The expectation value is
(V) = (Oaggiag’|0),

so to save some work, calculate wa§T|0> first, and then combine with
its adjungate <O]a§1ﬁ. Use the result from a). The result is (3) pluss
an infinite constant. (If the infinite constant bothers you, introduce a
cutoff in the momentum integral.)
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Solution: Following the hint,

st _ —ipT r’[r ipx \ st
¢a£|0>—/27r \/ﬁ (a ()e + by (p)e )20}

d3 f s —1pT
L p)e o)

d5 z xprt st
+/ \/ﬁz Prhpag’|0)

dp 1 PR
= U(z)|0) +/ Jﬁz p)e bl all|0)

Combining with <O|agz/_1, only two terms survive; the required result (3),
plus

d3p' d3 1 S
/ (27rp>3/ ) /2By \/ﬁzz o (@) Olagbyy byl ag! 10)
dp 1 . .
:/(%)32]3[)27) (p)v"(p),

—~
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\

ﬁ

which is an infinite constant. In the last equality, the bg operator has
been anticommuted to the left, until it annihilates the (0]. We have also
used that (0laga'|0) = 1.

We now consider the nonrelativistic limit. Then the wave function ¥(z)
satisfies the Schrodinger equation, as can be seen by an identical argument as
that used for the scalar bosonic field. Also, since there are only two linearly
independent u®(p)’s (positive-frequency solutions to the Dirac equation),
they span a space of two-dimensional spinors, just as in nonrelativistic
quantum mechanics.

c)ﬁ Show that in the nonrelativistic limit <@Z_JLZ)> and the charge density
<w’yow> is independent of the spin state.

Hint: For <7¢J¢> we already have an expression <@ZJ¢> =
<w’yow> we obtain similarly <1/ny01/1> <1/JT1/J> Ut (z)W(

Approximate u®(p) in the nonrelativistic limit (see e.g. (6.36) in
P&S). Verify that ¥(z)¥(x) and ¥T(z)¥(x) are independent of the spin
unit vector (called £° in P&S, not to be confused with our £(p)).

%’( z)¥(x); for

d) Still in the nonrelativistic limit, show that the current density <1E’yiz/1> is
generally dependent on the spin state, but if the state contains a sufficiently
narrow band of p’s, the dependence is negligible.

Hint: The expectation value (py¢) = W(x)y"¥(z) involves the
expression @*(p')y'u®(p). Then see the calculation in P&S, the two
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equations below (6.36), where ¢ = p’ — p and you should put g's = ¢s.
What happens if {(p) tends to a delta function §(p — pg)?

e) Prove that the spin dependent part of the current density <1/_J’)/1/J> can be
written V x M, where M = Ufg¥ = g\IfT%\I', and V is defined as before,
but with the Dirac-spinor u*(p) replaced by the two-component spinor £°.
The parameter g = 2 is the Landé g-factor (which will be calculated more
accurately in Ch. 6 of P&S).

Give a physical interpretation.

Hint: For the interpretation, remember your electromagnetics (or mag-
netostatics). See e.g. example 3.13 and 3.14 in https://www.mn.uio.
no/fysikk/personer/vit/johask/elektromagnetisme.pdf, p. 87-91
(in Norwegian), or Wikipedia “magnetization”.

Solution: From the calculation below (6.36) in P&S, we have for the
spin dependent part

 (p)y'uf (p) = —ie?*(p — pl)gTohes, (4)

We then obtain

(0y' ) = ()Y ¥ (x)
= / (62{: dgp \g/*z(E—)j(% =g (pyy'us (p)
_ / (i’ ;l:’rp \5/2(E7) \j% i0-9)e b (i _ i)t g
_ ik / (C;jr' / ;ip \‘E/Q(Ei) 5(2% i1 agst g hgs
= [ Gl S [ G
— citkgi [xy(:c)akxp(m)} , (5)

with the new definition of ¥(z) in the problem text.

This is the same expression as in classical magnetostatics, provided
M is the magnetization density (magnetic dipole density per unit
volume). For a permanent magnet with uniform magnetization in the
z-direction, this gives an effective, macroscopic, “bound” current which
circulates around the circumference. If the magnetization is uniform
over all space (corresponding to a state with a single p), there is no
such current.
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Problem 2 Schrodinger, Heisenberg, interaction
picture  (J. Skaar)

We restrict our attention to Hamiltonians independent of time, which is
the case for closed systems. In the Schrodinger picture, which is commonly
used in nonrelativistic quantum mechanics, the states evolve according to
the Schrodinger equation,

()
dt

while the operators are independent of time. Since H is independent of time,
the Schroédinger equation can be solved easily:

[ (t)) = e T (k). (7)

We define ty as a fixed reference time, where all three pictures
(Schrodinger, Heisenberg, interaction) coincide by definition. Thus for
t = tp, the state vector is |¢(tg)) and the operator A is A(ty) in all pictures.

= Hly(t)), (6)

a) Heisenberg picture: In the Heisenberg picture, the state vector |1 (o)) is
independent of time, while the operators evolve. Given that the expectation
values (A(t)) must be the same in all pictures, argue that

A(t) _ eiH(t—to)A(tO)e—iH(t—to) (8)
in the Heisenberg picture. Also prove the Heisenberg equation of motion
(dA(t)
Ul [A(t), H]. (9)

Solution: The expectation value is
(A1) = @A) [(1)) = (¥(to)|e™T 10 A(to)e™ =) |y t0))
in the Schrodinger picture, and
(A1) = ((to) |A(E)[¥(t0))

in the Heisenberg picture. With (8) the pictures give the same result.
The Heisenberg equation of motion now follows by differentiation.

b) Interaction picture: Let us write the Hamiltonian in the form H =
Ho+ Hint. Let [9(t)); and A;(t) be the state vector and an operator in the
interaction picture. The interaction picture is related to the Schrédinger
picture by

A[(t) — eil{o(t—to)‘/46—%']{0(15—150)7 (10&)
(1)) = el 1)), (10b)
Argue that in the interaction picture, the time dependence due to Hy is
associated with the operators, and prove that
dAg(t)
dt

7

= [As(t), Ho). (11)
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Prove that
W(t)) = eHolt=to) e = H =10 ) (4)), (12)

and argue that in the special case where Hy and Hj,y commute, the time
dependence due to Hj, is associated with the state vector.

Solution: Eq. (10a) shows that the time dependence of the operators
is determined by Hj. (Recall that A is the Schrodinger picture operator,
which is equal to the operator in any picture at the reference time ¢.)
Eq. (11) follows by differentiation of (10a).

In (10b) the Schrodinger picture state vector |1(t)) is itself dependent
on time. Substituting (7) we have

(1)) = etflotmtole =0y 1)), (13)

When Hy and Hj,, commute, we also have [Hy, H] = 0. Then we may

combine the exponentials ¢ot—to)g=iH(t—to) — giHo(t—to)—iH(t—t0) —

e~ (t=10) ~ (Note the Baker-Campbell-Hausdorff formula.) Thus the
state vector gets its time-dependence from Hiyy.

That Hy and Hi, commute is quite rare, but typically the state
vector still gets a slow time dependence due to interaction, which may
cause transition from one eigenstate of Hy to another. The rapid
oscillation due to Hy is retained in the operators.

c) In P&S the unitary operator in (13) is called the time evolution operator
Ult,to):
U(t, tg) = e'foli=to) =i (i=to) (14)

Here it is important to note that ¢y is not arbitrary; it is the reference time
where the different pictures coincide. We want a unitary operator U(t,t') to
describe the evolution of state vectors in the interaction picture, from any
time ¢’ to . We must require

Ut,t)=U"(t,1t) (15a)
U(ts, t2)U(t2,t1) = Ul(ts, t1). (15b)

Use (14) and (15) to prove that
Ut 1) = eHoli—to) =iH(i—t)) g=iHo(t'~to) (16)

Hint: Put t3 = t, t1 = t/, and to = tg.

d) While the Hamiltonian H is the same (and independent of time) in
the Schrodinger and Heisenberg pictures, verify that the Hamiltonian in the
interaction picture can be written Hy + Hj(t), where H(t) is dependent on
time:

Hy(t) = e™olt=t0) et Holt=to), (17)
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Solution: Use (10a).

e) Prove that the connection between an Heisenberg operator A(t) and the
operator in the interaction picture is

A(t) = UT(t, t0) A1 (DU (L, to). (18)

Solution: Follows from (8) and (10a); remember that the operator in
the Schrodinger picture A is the same as the operator in any picture at

to, A = Alto).




