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FYS4170/9170 — Relativistic Quantum Field Theory
Problem set 10

Problem 1 Contractions for fermion fields (. skaar)

a) Wick’s theorem for two fermion fields is

TY()i(y) = Nb()i(y) + D)) 1)
If (1) is taken as the definition of the contraction Qm(y), and
Sr(z —y) = (0]T(x)y(y)[0), (2)
prove that
U (y) = (OTG(@Bw)I0) = Se(x — )
@ T wn > "
~{B W), v (@)}, 2 <y,
= —¥(y)P(),
and — —
P(x)P(y) = 0 = P(x)P(y) (4)

(Strictly speaking, we need spinor indices on the spinors above to make sense
of the equations).

b) For all examples in P&S (see e.g. the section about Yukawa theory in Ch.
4), none of them has contractions between two external states (between two
initial-state particles, between two final-state particles, or between initial-
state and final-state particles). Can you explain why this possibility is
ignored?

c) Consider a process involving two different fermions, e.g., an electron and
a muon. In the QED Lagrangian we then have two independent fermionic
fields 1. and v, both of them coupled to the electromagnetic field. That
the fermionic fields are independent means that 0 = {tbe, ¥, } = {te, ¥} =
{¢, e} (spinor indices implied). Also ladder operators associated with
independent fields anti-commute!.

For QED, can the different parts of a single fermion line in a Feynman
diagram refer to different fermions? Justify the answer.

Problem 2 Interaction between fermions and a
classical electromagnetic field

a) Peskin & Schroeder problem 4.4a p. 129. Note that your result can be
represented as a Feynman diagram with associated rule (see 4.4b).

Tt is also possible to choose the ladder operators (and fields) of independent fields to
commute rather than anti-commute. See https://arxiv.org/pdf/1312.0831.



FYS4170/9170 Problem set 10 Page 2

b) Specialize your result to the case where the classical field is a scalar
potential V' (x) which is independent of time. Also assume that the particle
is nonrelativistic.

¢) In what sense is 4-momentum conserved in this process, in the general
case and in the special case where the classical field is independent of time?

Problem 3 Spinor algebra and trace methods (r.

Klungland)

a) For any operator I' consisting of a product of an arbitrary number of ~
matrices, and any two spinors v*(p), u” (k) (r and s label the spin states of
the two spinors) (whether the spinors are particle or antiparticle spinors is
irrelevant; these are just chosen as an example), show that

(@ (p)T" (k) =" (k)I'* (p), ()

where 7 = uf7? and I is the same product as I" with the order of matrices
reversed. You will need the identity (v#)" = 0y#0.

b) Suppose that the scattering of a fermion off of some potential is described
by the matrix element

iM=iBu" (p/)'y“us (p),

where p and p’ describe the initial and final momenta, respectively, and s
and r the initial and final spins. B,, contains the other numerical factors,
that are unimportant for our purposes. Use the spin sum relation in Eq.
(3.66) in P&S to show that the unpolarized, spin-averaged squared matrix
element (this means that we average over the 2 possible initial-state spins
and sum over the final-state ones) is given by

2
(MP) = 2 S S [Bar () o)) [BA ()7 w' )] (6)
= %B;B,,Tr[(p' +m)y*(p + m)y”], (7)

where m is the mass of the fermion and p = p,~¥".



