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FYS4170/9170 — Relativistic Quantum Field Theory

Problem set Trial exam

T. Klungland and J. Skaar

Problem 1 Inhomogeneous magnetization

In this problem we consider the free, quantized Dirac theory, and show how
the theory leads to an effective current density due to an inhomogeneous
spin density.

The one-particle fermionic state with spin label s and momentum p is

given by
Ip.s) = v/2Bpagf[0), E2 = p?+m>. (1)
Our fermion will be expressed as
69 =agl0), ot = [ 2 cpay @)
) ¢10), a 2m)3S Pz
where af should be viewed as a wavepacket creation operator. The

wavepacket spectrum £(p) is normalized by

3
/ (;l7f;?,|s<p>|2 ~1

a) Calculate {ag,ag'} and (¢, s|¢, s) = (0lagag'|0).

Hint: Use the fact that the anticommutator is linear in both inputs,
and the definition of the ladder operator in (1). Both answers will be 1.

b) Show that the expectation value of the observable 19 in the state (2) is

(p) = W(x)¥(x), (3)

up to an additive (infinite) constant. Here we have defined

Solution: The expectation value is

(D) = (Oaga|0),
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Combining with <0|a§¢_), only two terms survive; the required result (3),
plus

d3 / d3 1 —p' )z ' yrt st
/(27r)3 2E, \/ﬁzz e <0|a£bp pr ag'|0)
Ep 1 e
-/ WEZ” i

which is an infinite constant. In the last equality, the bg operator has
been anticommuted to the left, until it annihilates the (0]. We have also
used that (0\@2@?!0) =1.

—~

),

We now consider the nonrelativistic limit. Then the wave function ¥(z)
satisfies the Schrodinger equation, as can be seen by an identical argument as
that used for the scalar bosonic field. Also, since there are only two linearly
independent u®(p)’s (positive-frequency solutions to the Dirac equation),
they span a space of two-dimensional spinors, just as in nonrelativistic
quantum mechanics.

c)_ Show that in the nonrelativistic limit, <1/;¢> and the charge density
<¢70¢> are independent of the spin state.

Hint: For <¢1/1> we already have an expression <¢w> =
<¢'yo¢> we obtain similarly <w70w> <wTw> Ut (2)U(

Approximate u®(p) in the nonrelativistic limit (see e.g. (6.36) in
P&S). Verify that ¥ (2)¥(x) and ¥f(z)¥(z) are independent of the spin
unit vector (called £* in P&S, not to be confused with our £(p)).

i;( 2)U(x); for

d) Still in the nonrelativistic limit, show that the current density <@Z_J*yi1/)> is
generally dependent on the spin state, but if the state contains a sufficiently
narrow band of p’s, the dependence is negligible.

Hint: The expectation value (') = W(z)y"¥(x) involves the
expression @*(p')y'u®(p). Then see the calculation in P&S, the two
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equations below (6.36), where ¢ = p’ — p and you should put g's = ¢s.
What happens if {(p) tends to a delta function §(p — pg)?

e) Prove that the spin dependent part of the current density <1/_171/1> can be
written V x M, where M = Ufg¥ = g\IfT%\II, and V is defined as before,
but with the Dirac-spinor u*(p) replaced by the two-component spinor £°.
The parameter g = 2 is the Landé g-factor.

Give a physical interpretation.

Hint: For the interpretation, remember your electromagnetics (or mag-
netostatics). See e.g. example 3.13 and 3.14 in https://www.mn.uio.
no/fysikk/personer/vit/johask/elektromagnetisme.pdf, p. 87-91
(in Norwegian), or Wikipedia “magnetization”.

Solution: From the calculation below (6.36) in P&S, we have for the
spin dependent part

@ (p)y'ut(p) = —ie?*(p7 — p)eTotes. (4)
We then obtain
(') = U (x)y" ¥ (z)
o d3p/ d3p 5*(p/) g(p) —i(p—p" )T =80, \~0,,S
_/(27r)3 / @rP BB, b )
_ d3p/ d3p §*<p/) é(p) —i(p—p)zx ijk(;.J s 15\ ¢St ks
_/(2w)3/(27r)3,/2Ep,,/2Ep€ TR —ipT)Eone
_ ijkoj d3p/ d3p 5*(p,) g(p) —i(p—p' )z est kes
=< aj/(27r)3/(277)31/2Ep/ V2E, ¢ T
_ _ijkqj dgp, 5*(1),) i’z stk d3p f(p) —ipT ¢8
= e 8J/(27T)3 TEplep &lo /(271’)3 2Ep€ p§
= kg [\Il(x)akllf(x)}, (5)

with the new definition of ¥(x) in the problem text.

This is the same expression as in classical magnetostatics, provided
M is the magnetization density (magnetic dipole density per unit
volume). For a permanent magnet with uniform magnetization in the
z-direction, this gives an effective, macroscopic, “bound” current which
circulates around the circumference. If the magnetization is uniform
over all space (corresponding to a state with a single p), there is no
such current.

Problem 2 Electron-muon scattering

Here we consider the process e (p1)u~(p2) — e (p3)u~ (psa), to leading
order.
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a) Argue why, even in the low-energy limit, it is a reasonable approximation
to treat the electron as massless, at this order in perturbation theory.

Solution: Since the electron mass is far smaller than the muon mass,
me < my, the relative correction from including the electron mass
would be smaller than that from including higher-order corrections.
Therefore, when we study the process at this level of precision it is
unnecessary to include the electron mass.

b) Draw the leading-order ((’)(62)) Feynman diagram for this process, and
write down its amplitude.

Solution: The process is given, to leading order, by the following
diagram:

p2/4 \iu

[ I

Using the Feynman rules in the formula collection, it evaluates to

iM =T (pg) (—ier Y (pr) — 2 (py)(—ier” ) (pa).  (6)
(p1 — p3)

c) Calculate the spin-averaged, unpolarized differential cross-section 3—5 for
this process, as a function of the muon mass m,,, in the center-of-mass frame.
You do not need to carry out the kinematics to find explicit expressions for
the energies of the particles; it suffices to parametrize the momenta as

b1 = (ka 0,0, k),

p2 = (E,0,0,—k),

p3 = (k,ksin®, 0,k cosf),

pa = (E,—ksin6,0,—kcos@), (

~—~~ ~~
@

—_
o ©
— — ~— ~—

where k2 + mi =FE?and E + k = Eop.

Solution: The spin-averaged squared matrix element can be written as

64
(IM)?) = ———— Tr[psy" 1y Te[(Pa + mp)vu (P + mp)v]. (11)
4(p1 — p3)

The traces are evaluated using the relations in the formula collection:
Tr[psy"p1y"] = 4(p5pY +pips — 9"p1-p3), (12
TI‘[(]M + mu)’Yu (]52 + mu)%/] = 4(p4,up2u + P2uD3v
—9GuvP2 - P4+ miguu) . (13)
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Inserting these expressions and collecting terms, we find

8et
(M) = (1 —pa)* [(p1-p2)(p3 - pa) + (p1 - pa)(p2 - p3) — mi(pl -p3)].
1— D3
(14)
Inserting Eqgs. (7)-(10), this becomes
(IM[?) = 8—64 [K°EZ, + k*(E + kcos0) — k*m?,(1 — cos )]
 4kA(1 — cosh)? o K
2¢? 9 9
= W[Ecm—i-(l?—i—kcose) —m,,(1 —cosf)].  (15)

To evaluate the cross-section, we can use that the relative velocity
between the initial-state particles can be written as

Pl | [Pl k' Eem
o=, T E T g (16)
Using this the expression simplifies, and we find
do _ (M) (a7)
dQ)  64m2E2,
o

= E% 4 (E +kcosf) —m?%(1 — cosf)].
32n2k2E2 (1 — cosh)? [ ( ) a )

(18)

d) The expression for the squared matrix element could have been obtained
directly, without the from-scratch evaluations of the previous problems, from
the corresponding expression for eTe™ — p*pu~ (which you have worked on
in the lectures). Explain how this is done.

e) Draw one (’)(64) diagram that contributes to the S matrix; explain the
types of divergence that can appear in this diagram and how these are
handled.

Solution: See P&S Ch. 6.

f) This process is very similar to another process called Mgller scattering:
e~ e — e e . For Mgller scattering there is an additional leading-
order diagram, however; draw this diagram and write down its amplitude,
including its sign relative to the one from part a).

Problem 3 Electron self-energy

Let —i%(p) be the sum of all one-particle irreducible diagram insertions into
the fermion propagator, which we assume known. (To get a meaningful
Feynman diagram, the sum —i¥(p) must be accompanied by a fermion
propagator on each side, which are excluded from —i¥(p).) The fermion
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propagator (with the bare mass myg) is written as

i(p—i—mo) 7

p2—mg — p—mo

The sum of all two-point diagrams contains a propagator
iz
p—m’

Page 6

(19)

(20)

where Z is a constant, and m is different from myg. Find the relation between

m and myg.

Solution: See P&S pp. 219-229 for the derivation.
between m and myg is

m —mg — X(m) = 0.

The relation

(21)

Formulas

Lagrangian field theory:

S = / d*zL(p,0,9)

oL oL
9L 5, % __y
¢ " 0(0u0)
oL
m=—
¢

H = /dsﬂz(mﬁ—ﬁ)
Noether:

Or = Or + Aoy
L L+ ad,J"
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Dirac field:

P(z) = / (;ljf)?g \/QITP Z:(agur(p)e—ip:c + b?}";rvr(p)ez‘px)
u®(p) = [%gz . vi(p) = [ NS }

Ve
u"(p)u”(p) = —0"(p)v"(p) = 2md"

2 2
N wpur(p) =p+m, Y v(pv(p)=p-m
s=1 s=1

Definitions:

09 = f30g — (80f)g

Identities:

olod = 61 4 kgt

2"} =29

Yy, =4

VY = =297

YAy = 4"

YEY A Py = =29Py%Y

Tr[y#y"] = 49"

Tr[y# "y 7] = 49" g7 — 49" "% + 4917 9"
Tr[y#t ... ~Fn] =0, for n odd

Cross-sections and decay rates:

1 dBpr 1
e
2E42Ep|va —vs| \ 4 (2m)” 2By

< |M(pasps = {pr )P 2m)'6" (pa+p5 = Y py)

i — 1 H dBpr 1
f (277)3 2Ly

X [M(pa = (ma,0) = {pr)(2m) "5 (pa = Y ps)
Two-particle phase space:

/ dBpr 1 dPpy 1
(2m)® 21 (27)° 2

1 |p/?
2 1o - - = Qcm !
(2m)°0%(pa +pB — 1 — D2) /d 1672 By’

E.n = E1 + E5 in the center-of-mass frame; 2., = solid angle for particle
1. For decay of a single particle, set pg = 0.
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Lagrangians and Feynman rules

The following rules are used to obtain the amplitude iM, and given in
momentum space. Dots represent vertices in all of the diagrams listed below.
For consistency between ¢* theory and Yukawa theory, scalar particles are
represented by dashed lines, and their masses by M, in both cases.

Common for all theories:

e Impose momentum conservation at each vertex

» Integrate over each undetermined momentum, [ (gjr’;4
4
¢ theory
1 2 1990 Ay
Lo = 5(3;@) - §M ¢° — Iﬁb
p .
e Propagator:  ______ . pz,]\zpﬂe
p
e External line: _______ e=1
o Vertex: \\.(’/ = —iA

e Divide by the symmetry factor

Yukawa theory:

Ly = 5(0u0)° = SM26% + (8 — ) — g6

p
e Scalar propagator: o ______ o= e et
p .
o Fermion propagator: 5 ~ o= #L%%
_P,
e External scalar: _______ o—=1
p

o Incoming fermion (spin s): . = ,=u*(p)

p

o Incoming antifermion (spin s): ¢ ~ 4 =7°(p)

p

o Outgoing fermion (spin $): ¢ 5 — =1u*(p)

p

o Outgoing antifermion (spin s): ¢« = v°(p)
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Vertex: ______ = —ig

Work out the overall sign of the diagram

QED:

1

Laep = ¢ (id — eA —m)p — *(F;w)27

4
F,UJ/ = ap,Au - auA,lu €= _‘6’

p

Photon propagator: [t e ine V = 32

p2+ie

i(p+m) .

: .
Fermion propagator:  __, — o= Pemitic)

p

Incoming photon: p ~~~ne = Gﬂ(p)

b
Outgoing photon: e it = e;';(p)

p
Incoming fermion (spin s): = ,=u*(p)
RN
Incoming antifermion (spin s): ¢ ~ 4 =7°(p)

p

Outgoing fermion (spin $): ¢ 5~ =1u*(p)

p

Outgoing antifermion (spin s): ¢« = v*(p)

Vertex: u = —jey*

Work out the overall sign of the diagram
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