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Problem 1
a) For the following quantities, state if they are scalars, pseudo-scalars,
four-vectors, pseudo-four-vectors, or none of these. Momentum vector p
in 3D space, Dirac field ψα, ψ̄ψ, ψ̄γ5ψ, γ5, γµ, electric field E, magnetic
field B. Given: Under parity the Dirac field transforms as ψ 7→ γ0ψ and
ψ̄ 7→ ψ̄γ0.

b) We want to consider an electron at rest at some point in space. Write
down a state representing an electron (approximately) at rest and (partially)
localized at some point in space. Discuss briefly its properties and behavior.

c) Do all electrons belong to the same quantum field, or do we define
separate fields for each electron?

Problem 2
Consider a self-interacting theory with a classical complex scalar field φ:

L = (∂µφ)(∂
µφ∗)−m2φφ∗ − λ(φφ∗)2. (1)

a) Show that φ 7→ e−iαφ, where α is a constant, is a symmetry, and show
that the corresponding conserved charge is

Q = −i
∫
d3x(φ̇∗φ− φ∗φ̇). (2)

b) After quantization, we have quantum fields φ and φ† rather than the
classical fields φ and φ∗. We now consider the special case of no self-
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interaction (λ = 0):

φ(x) =

∫
d3p

(2π)3
1√
2Ep

(ape
−ip·x + b†pe

ip·x),

φ†(x) =

∫
d3p

(2π)3
1√
2Ep

(bpe
−ip·x + a†pe

ip·x),

(3)

where p0 = Ep =
√
p2 +m2. Here we have two independent ladder

operators ap and bp, each of them satisfying the usual bosonic commutator
relation. Independent means that all commutators between a and b
operators (possibly with one of them hermitian conjugate) vanish. A state
a†p|0〉 is called a particle, while b†p|0〉 is an anti-particle.

Find an expression of Q in terms of ladder operators, and give an
interpretation of the result. To simplify the calculations, recall that it
suffices to evaluate Q at some time t = 0.

c) Determine the Feynman rules of the self-interacting theory (1), and define
the propagator that naturally arises as a suitable contraction. You don’t
have to find an expression for the propagator. You may ignore symmetry
factors and combinatorics, and you don’t have to mention the universal
Feynman rules (momentum conservation at vertices, and integration over
undetermined momenta). For external lines, take for granted that you get
factors 1, just as for the usual φ4 theory. Recall the formula〈

p′k′∣∣S|pk〉 = 0

〈
p′k′∣∣Te−i

∫
dtHI(t)|pk〉0 connected, amputated, (4)

where “0” stands for free eigenstates, p, k, p′, and k′ are the momenta of
external states, and HI(t) is the interaction part of the Hamiltonian written
in the interaction picture.

d) Consider the process with a single vertex, with a boson–anti-boson pair as
input, and also as output. (All particles have the same mass.) Determine iM
and calculate the cross section in the center-of-mass frame. (If you did not
obtain the needed Feynman rules above, just keep M in your expressions.)

Problem 3
a) Prove that the trace of an even number of gamma matrices,
tr(γµγνγργσ · · ·), is a sum of products of the metric.

b) Use Feynman rules to find an expression for the vacuum polarization
diagram

iΠµν
2 (q) =

q
k

q + k

q
µ ν (5)

Don’t include propagators or external factors for the photon lines; they are
just there to visualize that there are two vertices µ and ν.

Is there a problem with your expression?
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c) As a generalization of iΠµν
2 (q) we let iΠµν(q) denote the sum of all one-

particle irreducible (1PI) diagrams. Draw one example of a 1PI diagram
(different from (5)) and one example of a diagram that is not 1PI.

d) Given that Πµν(q) is a tensor, argue that it has a certain simple form.
Then using that expression, argue that it can be written

Πµν(q) = (q2gµν − qµqν)Π(q2), (6)

for some function Π.

e) Given iΠµν , indicate how you would obtain the exact photon two-point
function (that is, the photon propagator plus all possible corrections). You
don’t have to do the calculations, just describe the method.

f) The exact photon two-point function turns out to be of the form

−igµν
q2(1−Π(q2))

, (7)

or
e20(−igµν)

q2(1−Π(q2))
, (8)

if we include the bare electron charge e0 associated with the two ends
(vertices). Unfortunately, without regularization Π(q2) is infinite. Thus
we must include regularization, which means that Π(q2) becomes dependent
on the arbitrary choice of a regularization parameter.

Consider Coulomb interaction between two electrons in the nonrelativis-
tic limit (you may assume that the velocities are sufficiently small). How
can we ensure that the interaction, as described by (8), is independent of
regularization?
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Formulas
Lagrangian field theory:

S =

∫
d4xL(φ, ∂µφ)

∂L
∂φ

− ∂µ
∂L

∂(∂µφ)
= 0

π =
∂L
∂φ̇

H =

∫
d3x(πφ̇− L)

Noether:

φr 7→ φr + α∆φr

L 7→ L+ α∂µJ
µ

jµ =
∑
r

∂L
∂(∂µφr)

∆φr − Jµ

Lorentz transformations, boost along the z-axis:

t′ = γ(t+ βz)

z′ = γ(z + βt)

Klein-Gordon field:

φ(x) =

∫
d3p

(2π)3
1√
2Ep

(
ape

−ipx + a†pe
ipx

)
(
∂2 +m2

)
φ = 0

[ap, a
†
q] = (2π)3δ(3)(p− q).

Dirac field:

ψ(x) =

∫
d3p

(2π)3
1√
2Ep

∑
r

(
arpu

r(p)e−ipx + br†p v
r(p)eipx

)
(i�∂ −m)ψ = 0{
arp, a

s†
q

}
=

{
brp, b

s†
q

}
= (2π)3δ(3)(p− q)δrs

us(p) =

[√
p · σξs√
p · σξs

]
, vs(p) =

[ √
p · σξs

−
√
p · σξs

]
ur(p)us(p) = −vr(p)vs(p) = 2mδrs

�pu(p) = mu(p), u(p)�p = u(p)m,

�pv(p) = −mv(p), v(p)�p = −v(p)m
2∑

s=1

us(p)us(p) = �p+m,

2∑
s=1

vs(p)vs(p) = �p−m

Chiral representation:

γ0 =

[
0 1
1 0

]
, γi =

[
0 σi

−σi 0

]
;

σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
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Definitions:

f
↔
∂ 0g = f∂0g − (∂0f)g

σµ ≡
(
1, σi

)
, σµ ≡

(
1,−σi

)
�a ≡ γµaµ (4-vector aµ)

Identities:

σiσj = δij + iεijkσk

{γµ, γν} = 2gµν

γ5 = iγ0γ1γ2γ3 = − i

4!
εµνρσγ

µγνγργσ

γµγµ = 4

γµγνγµ = −2γν

γµγνγαγµ = 4gνα

γµγνγαγργµ = −2γργαγν

tr[γµγν ] = 4gµν

tr[γµγνγργσ] = 4gµνgρσ − 4gµρgνσ + 4gµσgνρ

tr[γµ1 · · · γµn ] = 0, for n odd
Ward’s identity:
Let iMµ(q) be a diagram where a photon line with four-momentum q at vertex µ is removed.
Then Mµ(q)q

µ = 0.
Gordon’s identity:

u
(
p′
)
γµu(p) = u

(
p′
)[p′µ + pµ

2m
+
iσµνqν
2m

]
u(p), where σµν =

i

2
[γµ, γν ] and qµ = p′µ − pµ.

Cross-sections and decay rates:

dσ =
1

2EA2EB|vA − vB|

∏
f

d3pf

(2π)3
1

2Ef


× |M(pA, pB → {pf})|2(2π)4δ4

(
pA + pB −

∑
pf

)
dΓ =

1

2mA

∏
f

d3pf

(2π)3
1

2Ef


× |M(pA = (mA,0) → {pf})|2(2π)4δ4

(
pA −

∑
pf

)
Two-particle phase space:∫

d3p1

(2π)3
1

2E1

d3p2

(2π)3
1

2E2
(2π)4δ4(pA + pB − p1 − p2) =

∫
dΩcm

1

16π2
|p1|
Ecm

,

Ecm = E1 + E2 in the center-of-mass frame; Ωcm = solid angle for particle
1. For decay of a single particle, set pB = 0.

Lagrangians and Feynman rules

The following rules are used to obtain the amplitude iM, and given in
momentum space. Dots represent vertices in all of the diagrams listed below.
For consistency between φ4 theory and Yukawa theory, scalar particles are
represented by dashed lines, and their masses by M , in both cases.
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Common for all theories:

• Impose momentum conservation at each vertex

• Integrate over each undetermined momentum,
∫

d4k
(2π)4

φ4 theory

Lφ4 =
1

2
(∂µφ)

2 − 1

2
M2φ2 − λ

4!
φ4

• Propagator:
p

= i
p2−M2+iε

• External line:
p

= 1

• Vertex: = −iλ

• Divide by the symmetry factor

Yukawa theory:

LY =
1

2
(∂µφ)

2 − 1

2
M2φ2 + ψ(i�∂ −m)ψ − gψψφ

• Scalar propagator:
p

= i
p2−M2+iε

;

• Fermion propagator:
p

= i(�p+m)
p2−m2+iε

;

• External scalar:
p

= 1

• Incoming fermion (spin s):
p

= us(p)

• Incoming antifermion (spin s):
p

= vs(p)

• Outgoing fermion (spin s):
p

= us(p)

• Outgoing antifermion (spin s):
p

= vs(p)

• Vertex: = −ig

• Work out the overall sign of the diagram

• For closed fermion loops, include a factor (−1) and a trace.
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QED:

LQED = ψ
(
i�∂ − e��A−m

)
ψ − 1

4
(Fµν)

2,

Fµν = ∂µAν − ∂νAµ, e = −|e|

• Photon propagator: µ
p

ν =
−igµν
p2+iε

• Fermion propagator:
p

= i(�p+m)
p2−m2+iε

;

• Incoming photon: µ
p

= εµ(p)

• Outgoing photon:
p

µ = ε∗µ(p)

• Incoming fermion (spin s):
p

= us(p)

• Incoming antifermion (spin s):
p

= vs(p)

• Outgoing fermion (spin s):
p

= us(p)

• Outgoing antifermion (spin s):
p

= vs(p)

• Vertex: µ = −ieγµ

• Work out the overall sign of the diagram

• For closed fermion loops, include a factor (−1) and a trace.


